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Automatic Simulation of 1D and 2D Chaotic Oscillators 
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Department of Electronics, INAOE, Luis Enrique Erro No. 1, Tonantzintla, Puebla, 
72840 MEXICO. 

E-mail: e.tlelo@ieee.org, mpacheco@inaoep.mx 

Abstract. A new method is introduced for automatic simulation of three kinds of chaotic 
oscillators: Chua’s circuit, generalized Chua’s circuit and chaotic oscillator implemented with 
saturated functions. The former generates the double-scroll, and the others 1D n-scroll 
attractors. The third chaotic oscillator is modified to generate 2D n-scrolls attractors. The 
oscillators are modelled by applying state variables and piecewise-linear approximation. 
Basically, the method computes the eigenvalues of the oscillators to begin time simulation and 
to make control of step-size automatically. 

1.  Introduction 
This work introduces guidelines for the development of a synthesis approach to design chaotic 
oscillators, by beginning with high-level simulations [1-4], and ending with the synthesis of individual 
blocks using practical electronic devices [5-6]. The proposed automatic simulation approach is 
performed by applying multistep algorithms [2], from which values of circuit elements can be 
determined, and the simulation is executed by automatic determination and control of step-size using 
[3]. Further, this process can be improved by exploring on the measurement of parameters between 
external signals and chaotic orbits [4]. Additionally, chaotic dynamical behaviors and basic dynamical 
properties can also be explored by performing high-level numerical simulations [4-5].  

Basically, the methods introduced in [2-3] are used herein to compute the eigenvalues and to 
control step-size automatically of three chaotic oscillators: Chua’s circuit, generalized Chua’s circuit, 
and chaotic oscillator implemented using saturated functions. The smaller eigenvalue is computed to 
determine the step-size (h), and to automatically begin numerical simulation. For instance, to compute 
the eigenvalues the chaotic oscillators are described by state variables and piecewise-linear (PWL) 
approximation [7]. It is worthy to mention that the three chaotic oscillators can be implemented using 
commercially available electronic devices [8-10], and they are quite useful for signals transmission 
applications [8]. Besides, in electronics the majority of the research efforts have been focused to 
design Chua's circuit [6], and some variants of it to generate one dimensional (1D) n-scrolls attractors 
[9-10]. Furthermore, by applying state variables and PWL approximations one can also simulate 2D 
(as shown in this work), 3D [11], and 4D-scrolls attractors [12]. 

2.  High-level modeling of Chua’s circuit, generalized Chua and saturated functions 
This section describes the modeling of chaotic oscillators by state-variables and PWL approach.  
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2.1.  Chua’s circuit chaotic oscillator 
Chua’s circuit is shown in Fig. 1(a). It consists of five elements: a resistor R, an inductor L, two 
capacitors C, and Chua’s diode (NR). NR is modeled by PWL approximation, as shown in Fig. 1(b), 
where iNR is described by (1). Also, (1) can be represented by (2) to derive (3), where m is updated to 
(g1, g2, g3) and Ix is updated according to (1). Eq. (3) has the general form , which has 
been solved in [2], where time-simulation is minimized by automatic control of h [3]. 
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Figure 1.  (a) Chua’s circuit, and (b) I-V PWL characteristic of Chua’s diode ( ). 

2.2.  Generalized Chua’s circuit using VCVSs 
In [10] is shown the generalization of Chua’s circuit whose behavioral equations are given by (4), 
where h(x) describes a PWL characteristic given by (5). q is a natural number adjusted to generate 
even- or odd-scrolls attractors, m are the slopes of the PWL characteristic, and c are the breaking 
points. The values of m and c for q=1,2,3, have been determined in [10]. 
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In Fig. 2 is shown Chua’s circuit implemented with a voltage-controlled voltage source (VCVS) 
[10]. The state-variables equations are derived in (6). By setting C1=C2=R=RG=L=1, and by 
choosing , , , (6) can be described by (7), where xVC =1 yVC =2 zI L = ( ) ( ) ( )xxhxf δ++−= 1

( )xh
 and 

it depends on the number of slopes and breaking points of the nonlinear function  in (5). 
By selecting , 2=q [ ]74.2,75.3,73,79.0 −−=m , and [ ]4;15.2;1=c , with 9=α , 28.14=β  

and 1=δ  (C1=1/9F, C2=1F, L=70mH, R=1Ω and RG=1Ω), the PWL graph of (5) is shown in Fig. 
3(a). If , 3=q [ ]74.2,74,77.2,75.3,73 −−−,79.0=m , and [ ]9;2..2;1 6;6.3;15=c , with 

9=α , 28.14=β  and 1=δ , the PWL graph is shown in Fig. 3(b). 
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Figure 2.  Generalized Chua’s circuit using a VCVS. 
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Figure 3.  PWL approximation of : (a) for q=2, and (b) for q=3. )(xh

2.3.  Saturated Functions 
A chaotic oscillator implemented with saturated circuits is well suited to implement PWL 
approximations. For instance, the behavior of the opamp and OTA can be modeled by using saturated 
functions [7]. In Fig. 4(a) is shown a saturated function with three-segments, where the segments b  
are called saturated plateaus and m  saturated slope. In (8) is described a PWL approximation called 
series of a saturated function, where  is the slope of the saturated function,  is the 
saturated delay, 

0>k 2>h
p  and q  are positive integers. To generate n-scrolls attractors, a controller is added 

to a system of state-variables equations, as shown in (9), where ( )qphkxf ,,,;  is defined by (10), and 
, , ,  are positive constants. a b c d

)
−= pi

  (8) ( ) (∑=
q

i hkxfqphkxf ,;,,,;
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In (9) there are ( ) 32 ++ qp  equilibrium points on the x  axe, called saddle points of index 1 and 
index 2. Since the scrolls are generated only around the saddle points of index 2 [9-10], (9) has the 
potential to generate ( -scrolls. However, the )2++ qp ( )1++ qp  saddle points of index 1 are 
responsible to connect the ( -scrolls to generate the attractor. Additionally, the saddle points 
of index 2 correspond to a unique saturated plateau and to a unique attractor, while the saddle points 
of index 1 correspond to a unique saturated slope and connection among the neighbors-scrolls. 

)2++ qp

3.  Numerical simulation of chaotic oscillators  
This section shows simulation results to generate 1D and 2D n-scrolls attractors.  

3.1.  Chua’s circuit 
By choosing C1=450pf, C2=1.5nf, L=1mH, R=1655, g1=1/1358, g2=1/2464, g3=1/1600, 
BP1=0.114V, BP2=0.4V, in Fig. 1, with VC1(0)=0.01V, VC2(0)=0V, IL(0)=0A, then the simulation of 
Chua’s circuit is shown in Fig. 4(b). A sequence of chaotic behaviors by varying R is shown in [6]. 
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                           (a)                                                                                   (b) 

Figure 4.  (a) Description of a saturated function, and (b) double scroll-attractor generated by Chua’s 
circuit. 

3.2.  Generalized Chua’s circuit 
To generate 3- and 5-scrolls attractors from Fig. 2, the simulation of (7) is performed by using the 
PWL approximations shown in Fig. 3(a) and 3(b), respectively. The results are shown in Fig. 5. 
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Figure 5.  Generation of (a) 3-scrolls, and (b) 5-scrolls attractors with the generalized Chua’s circuit. 

3.3.  Saturated Functions 
By setting , ,7.0==== dcba 9=k 18=h  to evaluate (9), 4-scroll and 6-scrolls attractors are 
generated, as shown in Fig. 6(a) and Fig. 6(b), with 1== qp  and 2== qp , respectively. 

3.4.  Simulation of 2D-scroll attractors 
To generate 2D-scroll attractors, it is necessary to add two controllers to (9), which results in (11), 
where  and  are defined by (8), and a , b , , ,  are positive 
constants. Eq. (11) has ( )

( )1111 ,,,; qphkxf ( 2222 ,,,; qphkyf ) c 1d 2d
( )322 2232 211 ++×++ pqp q  equilibrium points located in the yx −  

plane, to generate a 2D-mesh of ( ) ( )222 211 ++×++ qpqp -scrolls attractors. Therefore, if 
,5021 == kk 7.021 ===== ddcb 10021a , = =hh 12211 = and = = = qpqp , the simulation of 

(11) generates the 2D-mesh of 4-scroll attractors, as shown in Fig. 7. 
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Figure 6.  Generation of (a) 4-scrolls, and (b) 6-scrolls attractors. 

4.  Conclusion 
It has been shown the simulation of three kinds of chaotic oscillators by state variables and PWL 
approximations. It was shown that the generalized Chua’s circuit and the oscillator implemented with 
saturated functions generate 1D and n-scrolls attractors. Furthermore, the addition of two controllers to 
the oscillator based on saturated functions generates 2D and n-scrolls attractors. Elsewhere, the 
simulation was performed by automatic control and determination of h using multistep algorithms. 
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