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Self-imaging and caustics in two-dimensional surface plasmon optics
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Abstract

We study theoretically the surface plasmon electromagnetic field in the plane of the interface along which it propagates. Arbitrary sur-
face plasmon fields are expressed by a linear superposition of elementary surface plasmon modes, thus obtaining an expression for the in-
plane components similar to the angular spectrum model, which establishes the formal foundations of a two-dimensional surface plasmon
optics. From this representation, we obtain the general description for surface plasmon modes be having as in-plane diffraction free beams.
These new modes with their corresponding phase parameters are used to study surface plasmon self-imaging phenomenon and the syn-
thesis of surface plasmon singularity regions (caustics) of surface plasmon fields, proposing experimental means to observe both.
� 2007 Elsevier B.V. All rights reserved.
1. Introduction

Surface-plasmon-polaritons (SPs) are electromagnetic
waves due to oscillations of the electron plasma in the
metal that propagate along a metal-dielectric interface to
which they are bounded [1]. The intrinsic properties of sur-
face-plasmon-polaritons (SPs) on nanostructured metal
surfaces make them especially suitable for applications in
bi-dimensional optics [2,3]. A few years ago, the concept
of surface plasmon optics was suggested on the basis of
manipulating SPs in the plane of the interface as classical
light in free space [4,5]. The rich phenomenology exhibited
by SPs has been explored in a variety of configurations
since [3–6]. However, most of the effort has focused on
the guiding and control of SPs in a quasi one-dimensional
manner, eluding the 2D character of the in-plane SPs prop-
agation; except for a very recent work [7], revealing the
ability of oil drops to act as lens/mirrors for SPs. Recall
that due to the mixed character of SPs, 2D manipulation
of the optical properties conveys in turn a 2D control of
the surface charge oscillations. In general, the spatial fluc-
tuations of the electric field associated with charges con-
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within small regions, can have very high values locally dis-
tributed. In principle, the control of the electromagnetic
field on surfaces allows us to generate and to control some
important physical behavior, for example, induced trans-
parency, control of fluorescence lifetime, generation of
quantum dots, the possibility of generating surface tunable
photonic crystals, synthesis of meta-materials, etc. [8–15].
In this letter, we will investigate formally the in-plane,
2D propagation of SPs, which paves the way to a full 2D
surface plasmon optics, in fact showing the conditions to
obtain SP diffraction free beams, self-imaging and the syn-
thesis of surface singularities. This point of view implies the
description of elementary SP solutions whose phase func-
tion is determinate by the dispersion relation; these solu-
tions are analogous to plane waves for free space.
Therefore, arbitrary SP fields can be described by means
of the coherent superposition of elementary SP modes
and the mathematical representation thus obtained is the
angular spectrum model for SP fields. This representation
allows us to obtain a more general one for surface plasmon
modes which are analogous to diffraction free beams
[16,17], having the property that the phase parameter along
the coordinate of propagations is smaller than the one
determinate by the dispersion relation. With the help of
the general surface mode solutions, we describe surface
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plasmon
self-imaging fields: this analysis is performed in the fre-
quency space and the condition obtained is matched with
the Montgomery’s condition for homogeneous media
[18,19]. Finally, the surface mode solution allows the
research of new features such as the description of surface
singularities, which occurs in caustic regions [20–22]. The
phase function on these regions presents an adiabatic behav-
ior, and it is deeply related with the charge re-distribution.
The construction of caustic region and some of its behavior
is associating a catastrophe function to the phase function.

2. Description of general surface plasmon modes

We start the study by describing the mode solutions for
homogeneous media, considering the z coordinate as the
propagation coordinate, the scalar amplitude representation
is given by /(x,y,z) = f(x,y)expibz, where f(x,y) describes
the profile of the amplitude and it satisfies the eigenvalue
equationr2

?f ðx; yÞ þ K2f ðx; yÞ ¼ b2f ðx; yÞ. Prototype mode
solutions are the plane waves and Bessel waves [12]. In pres-
ent paper, the mode solutions for homogeneous media are
used as a fundamental structure for the research of general
vector mode solutions propagating in the neighborhood of
a smooth surface. By analogy with homogeneous mode, the
simplest mode has a vector structure of the form

E1ðx; zÞ ¼ ~iaþ~kb
� �

expð�a1xÞeibz;

E2ðx; zÞ ¼ ~i
e1

e2

aþ~kb
� �

expð�a2xÞeibz; ð1Þ

where E represents the electric field and the indices are
associated with the electric field in each media. We are con-
sidering surface free of charge and currents, which implies
that $ � E1,2 = 0, thus the attenuation rates for electric
fields in each media are related by e1a2 = e2a1. The possible
values for the phase parameter b can be obtained by direct
substitution of Eq. (1) into the Helmholtz equations,
r2E1;2 þ K2

1;2E1;2 ¼ 0, obtaining K2
i ¼ b2 � a2

1, i = 1, 2.
Solving explicitly for the phase parameter b, we have:

b ¼ w
c

e1re2r
e1rþe2r

� �1=2

, where eir = ei/e0 refers to the relative per-

mittivity. It should be noted that the expression for b rep-
resents the possible values for the phase function associated
with surface waves. This function is known as the disper-
sion relation [1]. Surface mode solutions given by Eq. (1)
are analogous to plane waves for homogeneous media.
For this reason they can be implemented to describe arbi-
trary SP fields of the form
E1ðx; y; zÞ ¼
Z 1

�1
~iAðuÞ þ~jBðuÞ þ~kCðuÞ
� �

expð�a1xÞ

� exp i2p
e1e2

e1 þ e2

� �1=2

ðyuþ zpÞ
( )

du

E2ðx; y; zÞ ¼
Z 1

�1
~i
e1

e2

AðuÞ þ~jBðuÞ þ~kCðuÞ
� �

expð�a2xÞ

� exp i2p
e1e2

e1 þ e2

� �1=2

ðyuþ zpÞ
( )

du;

ð2Þ
where u ¼ cos h

k0
corresponds to spatial frequencies, k0 repre-

sents the wavelength in vacuum and AðuÞ;BðuÞ;CðuÞ are the
amplitude functions which are related to the transmittance
function by means of a Fourier transform. Essentially, Eq.
(2) have the same mathematical structure as that of the
angular spectrum model [23]. The electric field given by
Eq. (2) generates surface charge redistribution; however,
the spatial average of the charge must be zero to satisfy
the condition of media free of charge. This is the manifes-
tation of the interference fringes between the elementary SP
modes emerging from the transmittance function. Next
point of the analysis consists of finding a general expression
for SP modes, from which Eq. (1) is a particular case. By
analogy with diffraction free beams, the general structure
of the mode must be of the form E1ðx; y; zÞ ¼
~iaðyÞ þ~jbðyÞ þ~kcðyÞ
� �

expð�axÞeiXz, where the problem
to be solved consists in finding the expression for the
½aðyÞ; bðyÞ; cðyÞ� functions and phase parameter X. By sub-
stitution in the Helmholtz equation these functions satisfy
o2 anðyÞ;bnðyÞ;cnðyÞð Þ

oy2 þ K2 þ a2 � X2
� �

anðyÞ; bnðyÞ; cnðyÞð Þ ¼ 0,
and the general expression for mode solution is

E1ðx; y; zÞ ¼ ~in1 þ~jn2 þ~kn3

� �
cosðpy þ gÞ expð�axÞeiXz;

ð3Þ
where p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ a2 � X2
� �q

and (n1,2,3), g are arbitrary
constants. Eq. (3) can be obtained by means of the interfer-
ence between two elementary plasmon modes of the form
(1). The parameter X is related to the dispersion relation
by means of X = b sinh. Until this point, we have shown
that it is possible to generate new modes by interfering ele-
mentary SP modes. This construction from the angular
spectrum model is analogous to diffraction free beams for
free space, a prototype of that being the Bessel beams;
for such modes, the spatial frequency representation
should be on a circle. For general SP modes the corre-
sponding representation consists of two points as can be
deduced from Eq. (3). These two points are generated by
the intersection of the circle for homogeneous media with
the (u,p) plane. More details about the frequency represen-
tation for diffracting free beams can be found in [12,13,15].

3. Surface plasmon self-imaging

A natural extension of the previous analysis consists in
generating a coherent interaction between two or more
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modes. This can be obtained by a superposition of modes
propagating in different directions with different phase
parameters. An interesting case occurs in some regions
where a consonance between the phase parameters occurs.
This consonance generates SP fields which exhibit the self-
imaging phenomenon as follows. The self-imaging condi-
tion means that the amplitude function for the optical field
must be periodic along the propagation coordinate and it
can be represented as a Fourier series. Considering again
the z axis as coordinate of propagation, the vector ampli-
tude distribution (on media 1) has the representation

E1ðx; y; zÞ ¼ e�ax
X

~ian þ~jbn þ~kcn

� �
ei2pzn=d

¼
Z 1

�1
~iAðuÞ þ~jBðuÞ þ~kCðuÞ
� �

e�ax

� exp i2p
e1e2

e1 þ e2

� �1=2

ðuy þ pzÞ
( )

du ð4Þ

where ‘‘d” is the period of self-imaging along z-coordinate,
and the coefficients (an,bn,cn) may be functions of y coordi-
nate. To find the general structure of the amplitude fre-
quency functions ðAðuÞ;BðuÞ;CðuÞÞ, we substitute
expression (4) in SP Helmholtz equation. Solving for y-var-
iable, we obtain that solutions are given by
Fig. 1. (a) Montgomery rings and its intersection with u axis. The highlighted points are the frequency condition for the plasmon fields presents the ‘‘weak
self-imaging”. (b) Schematic set up for the generation of self-imaging by diffraction of SPs.

Fig. 2. Irradiance distribution for a weak SP self-imaging field. The field was generated by interfering elementary 7 SPs, propagating along directions
making the following with angle respect to the positive z-axis hSP = (±9�,± 6�,± 3�, 0). The wavelength is vacuum is k = 2pc/w = 502 nm. (a) On a gold
surface for which the SP wavelength is k = 476 nm; (b) on the surface of a Au thin film with thickness d = 40 nm, covered by oil drop of glycerin (n = 2.1),
for which k = 68 nm.
ðanðyÞ; bnðyÞ; cnðyÞÞ ¼ ðaeidny ; beidny ; ceidnyÞ being ða; b; cÞ
arbitrary constants, and the phase term satisfies dn ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2 þ a2 � 4p2n2

d2

� �r
: Using this representation in the series

of Eq. (4), and considering z = 0, we obtain that the ampli-
tude frequency representation may be obtained by means
of a Fourier transform having the structure of a Dirac-d
function of the form AðuÞ;BðuÞ;CðuÞð Þ ¼ AnðuÞ;BnðuÞ;ð
CnðuÞÞdðu� b� dnÞ, where AnðuÞ;BnðuÞ;CnðuÞð Þ are arbi-
trary functions. This consists of a set of points in frequency
space; this result is equivalent to the Montgomery condi-
tion for free space [14]. The spatial analysis of the self-
imaging fields can be obtained by using the paraxial
approximation for dn. This corresponds with the weak
self-imaging condition, and following the Montgomery’s
treatment it can be written as

dn �
k

e1e2

e1þe2

� �1=2

2d2

ffiffiffi
n
p

; ð5Þ

A particular case of Eq. (5) is when n = 0,1,4,9, . . .; this is
known as Talbot’s effect, and the transmittance function
corresponds to a periodical object of period ‘‘a” which is
related to the self-imaging period by
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d � 2a2

k e1e2

e1þe2

� �1=2
:

Eq. (5) represents a set of points whose structure is a
one-dimensional zone plate as it is sketched in Fig. 1a.
They can be obtained intersecting the traditional Mont-
gomery’s rings with u-axe.

The self-imaging field is obtained by means of the diffrac-
tion field generated by illuminating a transmittance whose
Fourier transform corresponds with a set of ‘‘points” which
must satisfy Eq. (5). For a periodical transmittance with
period of 10 lm, and for a wavelength of 476 nm, the period
of self-imaging is about 300 lm. For this propagation
length, the absorption plays an important role and the
self-imaging phenomenon is not possible. However, by con-
sidering a reduction of the period about 1.5 lm deposited
on a gold film of thickness d = 40 nm and covered with
oil of refractive index n = 2.1, the effective refractive index
is of neff = k0/kSP = 7. For these configurations, the self-
imaging field has a period of 50 lm, which is feasible to
implement experimentally avoiding absorption analysis.
These comments are sketched in Fig. 2a and b just to com-
pare the scale reduction in the self-imaging period. Similar
configurations have been proposed recently to implement
an oil drop as a mirror/lens [4].
4. Surface plasmon singularities

In order to have a complete description of the surface
optical field it is necessary to describe the singular regions.
On these regions, the amplitude distribution has adiabatic
features; it means that the spatial/temporal amplitude func-
tion changes very slowly. These features are deeply con-
g. 3. Geometrical description of singular regions. (a) Generation of discret
opagating elementary SPs. (b) Singular region by means of the envelope of eleme
Focusing region obtained by illuminating with a elementary surface plasmom w

SP.
nected with charge re-distribution. The simplest case to
generate a singularity is by interfering two elementary con-
tra-propagating plasmon waves as is sketched in Fig. 3a,
the nodes corresponds to singular points. Performing the
calculus only for the electric field amplitude on media 1,
we find that the electric field satisfies E1ðx; zÞ ¼
2 expð�a1xÞð~ia cos bzþ~kib sin bzÞ. A similar expression is
obtained for media 2. To associate a physical meaning to
the electric field, the parameters (a,b) must be imaginary.
The expression corresponds to a standing wave. Taking
the divergence of the electric field we obtain $ � E1 =
2e�ax(aa1 � ibb)cosbz, which is in general non-zero. This
means that the superposition of two contra-propagating
SP waves generates a periodic stationary charge redistribu-
tion density function, where the charge density function of
media 1 is given by qd1 = e12e�ax(aa1 � ibb)cosbz. Again a
similar expression can be obtained for media 2. It must be
noted that the period ‘‘a” of the charge array is propor-
tional to the inverse value of the dispersion relation given

by a ¼ 2p
b ¼ k e1rþe2r

e1re2r

� �1=2

. For the SP fields, the charge per-

iod satisfies a > k. Analysis previous has associated a dis-
crete set of singular points, the continuous case is
analogous to the envelope region for homogeneous media
[18].

The singular regions associated to the diffraction field
emerging from a transmittance function of the form
t(y,z) = d(y � g(z)) means that parameterized amplitude
function can be represented as

Eðx; y; uÞ ¼ ~iAðuÞ þ~jBðuÞ þ~kCðuÞ
� �

expð�a1xÞeibðyuþgðyÞpÞ;

ð6Þ

where u is considered as a parameter. From this represen-
e singular points by means of the interference between two contra-
ntary SPs. The modes emerge in a perpendicular direction tot the curve.
ave a reflecting surface with Gaussian shape with r = 10kSP and depth
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tation, the extremal features of the mode trajectories whose
phase function is L(x,y,u) = b(yu + g(y)p) are given by
oL
oy ¼ 0 and the calculus of the envelope implies that the
phase function satisfies og

oy ¼
p
u ¼ tan h. This is the tangential

condition for envelope regions of mode trajectories. Since
the geometrical point of view means that trajectories are
tangent to the singular regions as is sketched in Fig. 3b.
In Fig. 3c, we show the computational simulations for
the focusing region for the case when the geometry of the
boundary condition corresponds to a Gaussian profile.

Due to the tangent property, generic features for the
phase function can be implemented. This means that a
catastrophe function for the phase function can be used
[20,22]. By considering a curve where the trajectories
emerge in a perpendicular way, it is easy to show that sin-
gularities correspond with the envelope of curvature cen-
ters; this curve is known as evolute curve. On this region
adiabatic features are presented, which means that the
phase function changes very slowly and charge re-distribu-
tion is generated. More details concerning this representa-
tion can be found in [22]. Associating to the set of surface
modes a parametric representation as a catastrophe func-
tion, the surface plasmon field has an structure of the form

E1ðx; zÞ ¼ ~iaþ~jbþ~kc
� �

expð�a1xÞ

� exp iðcatastrophe functionðy; z; uÞÞ ð7Þ

Using as prototype a function of catastrophe kind cusped
given by Lðy; zÞ ¼ y4

4
� n2

2
y þ gy, where n = n (z),g = g(z),

the envelope of critical points generates a charge distribu-
tion of the form qðn; gÞ ¼ ed n� 3

ffiffiffi
3
p

g3=2
� �

, where d is the
Dirac-d function.
5. Conclusions

In conclusion, using the representation for optical
modes in homogeneous media, we can incorporate the
treatment for the description of elementary surface wave
mode vectors. These kinds of solutions are analogous to
plane waves and they can be used to describe arbitrary sur-
face plasmon fields. The representation obtained corre-
sponds with the angular spectrum model for surface
plasmon fields. Using this representation, we obtain a more
general mode solution for surface plasmon fields having the
property that the phase function along coordinate of prop-
agation is smaller than the dispersion relation function
b > X. This behavior of the phase function allows one to
describe the self-imaging phenomenon for surface plasmon
fields. We find that the sufficient condition for self-imaging

is
a-
n-
a-
l-
o-
g-
ous to the Montgomery’s condition for homogenous
media. Finally, we show that singular points can be gener-
ated experimentally by mean of the interference between
two plane plasmon modes propagating in opposite direc-
tions, The nodes corresponds with stationary charge distri-
bution, having a periodically representation. General
singular regions were described using a parameterization
for the phase function by means of a catastrophe function.
The mode analysis presented allows incorporation of other
interesting features related to self-imaging, such as the Lau
effect also as the generation of partially coherent effects.
Recall that self-imaging reproduce periodical patterns of
relatively intense surface electromagnetic fields, which
could be exploited to generate surface optical lattices and
surface optical tweezers. The associated arrays of surface
charge distributions can be also of fundamental interest
in a number of fields [1–4]. Finally, the description of sin-
gularities on the plane offers interesting applications to
design and control of nano-optics.

Acknowledgements

This work was supported by CONACyT (Mexico)
through project research 47325. Partial support from the
Spanish MEC (Grant FIS2006-07894) and Comunidad de
Madrid (S-0505/TIC-0191). Helpful discussions with F.J.
Garcia de Abajo are also acknowledged.

References

[1] H. Raether, Surface Plasmons on Smooth and Rough Surfaces and
on GratingsSpringer Tracts in Modern Physics, vol. 111, Springer-
Verlag, Berlin, 1988.

[2] J. Takahara, T. Kobayashi, Opt. Photon. News 15 (2004) 54.
[3] W.L. Barnes, A. Dereux, T.W. Ebbesen, Nature 424 (2003) 824.
[4] I.I. Smolyaninov, D.L. Mazzoni, C.C. Davis, Phys. Rev. Lett. 77

(1996) 3877;
S. Bozhevolnyi, F.A. Pudonin, Phys. Rev. Lett. 78 (1997) 2823.

[5] A.V. Shchegrov, I.V. Novikov, A.A. Maradudin, Phys. Rev. Lett. 78
(1997) 4269.

[6] J.A. Sánchez-Gil, Appl. Phys. Lett. 73 (1998) 3509.
[7] I.I. Smolyaninov, J. Elliot, A. Zayats, C.C. Davis, Phys. Rev. Lett. 94

(2005) 57401.
[8] H. Shin, S. Fan, Phy. Rev. Lett. 96 (2006) 073907.
[9] Marin Solja, J.D. Joannopoulos, Nature Photon. 3 (2004) 211.

[10] Steven A. Cummer, Appl. Phys. Lett. 82 (2003) 10.
[11] N. Fang, H. Lee, C. Sun, X. Zhang, Science 308 (2005) 5721.
[12] J. Cesario, M.U. Gonzalez, S. Cheylan, W.L. Barnes, S. Enoch, R.

Quidant, Opt. Express. 15 (2007) 17.
[13] S.I. Bozhevolnyi, V.S. Volkov, E. Devaux, J.Y. Laluet, T.W.

Ebbesen, Nature 440 (2006) 508–511.


	Self-imaging and caustics in two-dimensional surface plasmon optics
	Introduction
	Description of general surface plasmon modes
	Surface plasmon self-imaging
	Surface plasmon singularities
	Conclusions
	Acknowledgements
	References


