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Abstract

In this thesis we find a general expression for the surface plasmon modes
following a treatment analogous to diffraction free beams, the main result being
that the expression for the dispersion relation functions is generalized. This
feature allows us the coupling between surface plasmon waves with other kinds of
optical fields propagating in homogeneous media such as Bessel beams. We
obtain the surface mode solution for the Helmholtz equation using an analog
formalism for diffracted free beams. By means of a linear superposition of the
surface modes we obtain an expression similar to the angular spectrum model
which allows us the study of arbitrary surface diffraction fields. For the
understanding of the physical features implicit in this representation, we describe
the interaction between two counter-propagating surface modes, generating a
standing plasmonic wave, whose nodes then generate a stationary local charge
distribution. The study is reinforced by associating extremal features to the
surface modes and an eikonal equation for plasmonic fields is obtained, where a
plasmonic refractive index appears naturally. This representation allows us to
interpret the surface optical field as a geodesic flow which in principle enables us
to associate coherence features to plasmon modes and to analyze the stability of
the surface fields under small perturbations of the refractive index. We study
theoretically the surface plasmon electromagnetic field in the plane of the
interface along which it propagates. Arbitrary surface plasmon fields are
expressed by means of a linear superposition of elementary surface plasmon
modes, thus obtaining an expression for the in-plane components similar to the
angular spectrum model, which establishes the formal foundations of a two-
dimensional surface plasmon optics. From this representation, we obtain the
general description for surface plasmon modes as in-plane diffraction free beams.
These new modes with their corresponding phase parameters are used to study
surface plasmon self-imaging phenomenon and the synthesis of surface plasmon
singularity regions (caustics) of surface plasmon fields. Finally, we show the
radiometric features for scalar optical fields by means of the spectral density

function and the spectral flux function, this model is used to describe the



radiometric features of surface plasmon fields. Hence, we show that the
singularities for the phase functions allow us to describe the angular transfer
moment in the neighborhood of the focusing regions. We show that the
differential equation associated to the singularities remains non-variable under
linear transformations which may represent scaling or rotating. These features are
the support for the study of dynamical surface plasmon behavior which explains

the conditions to generate surface plasmon vortex.



Resumen

En esta tesis encontramos una expresion general para los modos plasmonicos de
superficie siguiendo un tratamiento analogo para haces libres de difraccion, el
resultado principal es la expresion para la funcion de relacion de dispersion que es
generalizada, de modo que con esta caracteristica nos deja el acoplamiento entre
ondas plasmonicas de superficie con otros tipos de campos plasmonicos
propagandose en un medio homogéneo tales como los haces Bessel. Se obtuvo la
solucién modal de superficie para la ecuacion de Helmholtz utilizando un formalismo
analogo para haces libres de difraccion. Mediante una superposicion lineal de los
modos de superficie obtuvimos una solucion similar al modelo del espectro angular,
el cual nos permite el estudio de campos arbitrarios de difraccion de superficie, asi
como la compresion de las caracteristicas fisicas implicitas en esta representacion.
Describimos la interaccion entre dos modos de superficie contra propagandose que
generan una onda plasmonica estacionaria, cuyos nodos producen una distribucion
local de carga estacionaria: El estudio es reforzado por las caracteristicas extrémales
para los modos de superficie y una ecuacién eikonal es obtenida para campos
plasmonicos, donde una indice de refraccion plasmonico aparece, esta representacion
nos permite interpretar el campo 6ptico de superficie como un flujo geodésico que en
principio; nos deja asociar caracteristicas de coherencia, para modos plamonicos y
analizar la estabilidad de campos plasmonicos de superficie, bajo pequefias
perturbaciones del indice de refraccion. Se estudio teoréticamente el campo
electromagnético plasmonico de superficie en el plano a lo largo de la interface en
cual se propaga. Los campos arbitrarios plasmonicos de superficie son expresados
mediante una superposicion lineal de modos plasmonicos de superficie, asi
obteniendo una expresion similar para las componentes en el plano al modelo del
espectro angular, que establece la formacion formal de una dptica de plasmones de
superficie en dos dimensiones, desde estad representacion se obtuvo la descripcion
general para modos plasmonicos de superficie como haces libres de difraccién en el

plano, estos nuevos modos con sus correspondientes parametros de fase son



utilizados para estudiar fendmenos de auto imagenes y sintesis de regiones singulares
(Causticas) de campos plasmonicos de superficie. Finalmente, se muestra las
caracteristicas radiométricas para campos Opticos escalares mediante la funcion de
densidad espectral y la funciéon de flujo espectral, este modelo es utilizado para
describir las caracteristicas radiométricas de campos plasmonicos de superficie. Por
lo tanto, se mostro que las singularidades para la funcion de fase nos permite describir
el momento de transferencia angular en la vecindad de regiones de focalizacion, se
muestra también que la ecuacion diferencial asociada a la permanencia de
singularidades bajo una transformacion lineal no cambia y que puede representar una
escalamiento o rotacion, estas caracteristicas son el apoyo para el estudio del
comportamiento dindmico de plasmones de superficie, que explica las condiciones

para generar vorticidad plasmonica.
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Chapter 1 Background

CHAPTER 1

1 INTRODUCTION

The study of contemporary optics such as left-hand materials, atom trapping,
etc., implies a two-dimensional analysis of the electromagnetic field propagating
on a metal surface. In this context the absorption phenomena plays an important
role and the application of the traditional models is not feasible. One alternative
approach for avoiding absorption is the description of resonant phenomenon
between surface plasmon waves where the structural features characterized by the
dispersion relation function is modified. These features offer interesting
applications in nano-optics and explain the evolution of light through left hand
materials or meta-materials. The fundamental structure to generate resonant
effects are the surface plasmons which are waves generated by collective
oscillation of surface charges. The elementary surface plasmons waves were
predicted by Raether almost twenty five years ago, these waves can be considered
analogous to plane waves for homogeneous media. The structural properties of
these surface plasmon waves are defined by the phase function and their
properties are characterized by the dispersion relation function which essentially
describes the coupling between light propagating in the space and the surface
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plasmon mode, i.e. this function represents the conservation law of momentum
between the optical fields as a function of the frequency. In the present thesis
work we find a general expression for surface plasmon modes following a
treatment analogous to diffraction free beams, the main result being the
expression for a general dispersion relation function. This feature allows us the
coupling between surface plasmon waves with modes propagating in

homogeneous media such as Bessel beams.

The current theory for surface plasmon waves has been obtained essentially
from solid state models; this point of view has the inconvenient that classical
optical models are not easy to be implemented in the analysis of the surface
plasmon fields. In the present thesis we establish a new point of view. We start the
study from the Helmholtz equation following the formalism for diffraction free
beams and the dispersion relation function is obtained [1-4]. The refractive index
is obtained following the theoretical model proposed by Drude (see Appendix 2).
This theory considers the conduction electrons of a metal as a homogenous gas of
electrons which are surrounding a positive uniform potential generated by
immobile positive charges of red-crystal ions. The most interesting aspect of the
Drude model allows us to predict acceptably the electrical and thermal
conductivity of the metals; hence it predicts the possibility to generate surface

plasmons waves.
As an introduction, we describe the analysis of the conductivity and the

possibility to generate surface plasmons as is shown below. To calculate a current
on a metal generated by a variable electric field, we use:

E(t)=E(w)exp(—iat) (1)

where E(co) represents the amplitude field as a function of the frequency @. The

motion equation for a free electron is represented by:
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=———-w ox+—E * @)

where e is the electron charge and 7 is the average time between successive

collisions. We propose a stationary solution of the form:
X(t) = x(w)exp(~iwt) 3)

Replacing the complex forms x(t) and E(t) in equation (2), which must be satisfied

for both real and complex parts, we find:
@ X(w) =" —ofx - (4)

Considering a unitary volume of the metal, which contains n free electrons,
each of charge —e, the total charge will be —ne. The total charge crossing a unit
area per unit time is j = —nev,, this is the definition of current density and v, is

the drift velocity. Therefore, by using the expression for current density we

obtain:
it)= i(@)exp(~iwt) (5a)
And

e’/ (@)

j(@)=nev, ="~ (5b)

%—ia)

This result is commonly re-written as:

* Equation (2) can be found in appendix 1, where e is the electron charge and z is the relaxation
time, i.e. the average time during which an electron can move without having a collision with an
ion.
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j(@)=0o(w)E(e) (6)

where O'(a)) is the alternating conductivity of the material; it depends on the

frequency of the electrical field by:

o(w)= 20 (72)
1-lwr
2
o, =0t (7b)
m

The most important application concerning this result is the study of the
propagation of electromagnetic radiation on the metal, however in the Drude
model some questions concerning the structure of the electrical field must be

considered:

1) For an electromagnetic wave, the electric field E has an associated
perpendicular magnetic field H both of them have the same magnitude and they

are not included in the motion equation (2).

2) For an electromagnetic wave, the fields vary not only with time but also in
the space while the motion equation (2) was concluded by assuming a spatially

uniform power (see Appendix 1).

The first obstacle can be not to know why the magnetic field includes a term
which is _ep(a))/ncx H™ which is ¥/ times smaller than the electric E term,
where v is the average velocity of the electrons. Even for a high density current

like 1 A/mm, V:%e is only 0.1 cm/s. Hence, the magnetic term is

approximately 10" that of the electric term, so it can always be ignored.

“Taking into account Lorentz law F = —e(E + %vx H )
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The second difficulty has deep physical implications, the equation of
movement for the electrons given by equation (2) implies that at any moment the
same power value is on each electron, in general it is not true. This is because the
electric field varies with the position. This implies that the current density is
function of the position r, the distance must be minor than the average distance
between collisions. The collision only takes place after a few free-mean paths
from the point r. Hence, if the field is approximately constant over the same

distance, then j(r,t) can be correctly calculated by considering that the field in all

space is given by the value at the point r, E(r,t); thus, one obtains:

j(r.0)=o(w)E(r,0) (8)

This equation is accepted provided that the wavelength of the field is larger
than the electronic free-mean path I, so for metals, this is commonly accepted for
the visible interval (A approximately 10°nm)*. Next, we assume that the
wavelength is larger than the free-mean path. Thus, the Maxwell equations are

written by considering a current density j in the form'":

V-D=0 9)
V-B=0 (10)
VxE+1@=0 (12)
c ot
Vo 18D )
c ot c

One seeks a time dependent solutionexp(—iwt). According to equation (6) on the

*This condition is not satisfied and it is necessary to tackle the problem with nonlocal theories.
*We consider an electromagnetic wave where there is no induced charge density, farther on we
consider the case of oscillations at the charge density.
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metal, j can be written by terms of E whereupon by combining with the Maxwell

equations, we obtain:

Vx(VxE)z—VzEzla)VxH=Ia)(4ﬂ-E—|a)E) (13)
C C C C

so one finds

2 -
—v2E=“’(1—4’"UjE (14)

~V’E = —g(a))E (15)
The complex dielectric function is expressed as:

g(a))=1—4m(;o- (6)

At sufficiently high frequencies such that ot >>1 the combination of (16) and (7)

gives as a result in first approximation:
e(w)=1-—" (17)

where @ is known as the plasma frequency and is given by:
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o 4me?
P m

0] (18)

One important deduction of equation (17) is that a gas of electrons can support
oscillations of charge density, i.e., a perturbation where the electric charge density

has a temporal dependence exp(— ia)t). From the continuity equation:

V.= _aa,to (19a)
V- j(@)=iop(e) (19b)

and applying the Gauss law we have
V-E(w)= 47p(w) (20)
By considering equation (8), the density of charge is
iop(w) = 4zo(w)p(w) (21)
This equation has a solution given by:

4ric(w)

1+ =0 (22)

Equation (22) is essentially the condition previously found by the propagation
of radiation. In this case, it represents the condition which the frequency must

satisfy for a charge density wave to be propagated on the surface media.
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In fact, the electromagnetic field of these oscillations of charge density is
known as plasma or plasmon oscillations where the oscillations can be understood
by terms of a simple geometric model, i.e. one can imagine that gas of electrons is
moved by a distance d with respect to the stable positive ion. Therefore, the

produced surface charge provides an electric field dimension with 47zp" where

o is the charge per area unit in each extreme. (See figure 1.1)

E = 2mp*+2Tps=4Tnde
+ +1

++++++

pP*=+nde

I +++++++++

FIGURE 1.1. Model for understanding the oscillations of plasmons or plasmas

Then, gas contains electrons (N) and it satisfies the motion equation by:
Nmd = —Ne|47zp"| = —Ne(47med ) = 4zme”Nd (23)

This equation shows an oscillation related to the plasma frequency.

1.2 SURFACE PLASMON INTERFACE

To improve our understanding of plasma waves, we consider an example. We
analyze the characteristics and excitation methods for the surface plasmon waves

propagating at an interface using an electromagnetic field generated by the
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illumination with a light beam. The interface is placed on the xy plane and it is
divided into two semi-infinity spaces of different materials 1 and 2, of which

optical properties are characterized by its complex dielectric constants «91(60) and

£, (a)) respectively, the geometric is shown schematically in figure 2.1.

N
E(w)
(W)

FIGURE 1.2 System of reference at an interface between two media with dielectric constants

gand &,

In this development the magnetic materials are discarded, i.e. we take ¢ =1 in

all processes. The surface plasmons can only be excited at the interface if the
electric field has a normal component at the surface which induces a surface

charge p . Hence, for it to be possible, the electric displacement must be:
z-(D, ~D,) =4z’ (24)

S-polarized light is propagated along x-axis and has parallel components of

electric field at the y-axis, i.e. a TE wave has an electric fieldE :(O,Ey,O);

therefore, it is unable to generate surface plasmons. Thus, surface plasmons can
only be exited by P-polarized light, that is, TM waves with electric field

E=(E,,0,E,) andH = (O, H, ,0), so the surface electromagnetic waves are given

by:

E, = E,, expli(k,x — at)) = E, exp(i(k ,x + k ,z — at)) (25a)
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E, = E,, expli(k,x — at)) = E,, exp(i(k ,x +k,,Z — at)) (25b)

where E,, represent the electric vector E and the magnetic vector is H, k,, ,, are
the wave vector components along the x-axis into media 1 and 2, k, ,, are the

absolute values of the wave vector components along the z-axis and @is the
angular frequency. All the components must satisfy the Maxwell equations (9-12).

The boundary conditions are written in the form:

Elx = EZX (26)

and

(27)

ly = "2y

Equation (26) is obtained by k, =k,, =k, , in addition, if we use Maxwell’s
equation (12) with j =0, because there is no charge flux, the E and H fields given

by equation (25), take the form:

k. H, = %glEx (28)
(0]

kH, ==~ &E, (29)

K, H, = —%gZEX (30)

10



Chapter 1 Background

kH, =-“¢,E, (31)
C

Equations (28) and (30) yield the non-trivial solution:

e 81 (32)
Ky, &,
By applying Maxwell’s equation (14) to E and H fields, one obtains:
—k,E,, +k,E, = ZH, (33)
C
—k,E,, +k,,E, =2H, (34)

c

Equation (30) shows that the surface plasmons can only be exited on the
interface between two media with different dielectric constants of opposite signs.
Inside of certain limits, it can be the case of phonons or excitons. The coupling of
these conditions up to an electromagnetic field respectively produces the named

phonon surface polariton or exciton surface polariton.

We are interested in the coupling of an electromagnetic field with the collective
oscillations of plasma for the conduction electrons of a metal at the interface

between a metal with dielectric constant ¢, =¢; +ig;, and a dielectric with
dielectric constante, = ¢ +i¢;. These phenomena were previously named

surface plasmon polaritons or surface plasmons.

11
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We will use the subscripts m instead of 1 and d instead of 2 for specifying a

dielectric and a metallic medium. By manipulating equations (30), (31) and (34),

we have:
2
k2 +k,> = (i’j 3 (35)
2
k2+k, 2 :(“’j e, (36)
C
Obtaining
® 2
Ke: a/s{j -k’ (37)
C
@ 2
K,, = /gmﬂcj —k? (38)

Thus, if we use equation (32), we obtain the dispersion relation of the surface

plasmons in a metal/dielectric interface. Then, one obtains:

EmEq (39)
C\éen+&y

At this point is convenient to emphasize some details:

S

k, =

1.- Frequently we only treat the real part of @, in general, ¢, is complex, and

k,is complex too; i.e. k, =k +ik;. Therefore, the surface plasmons, which

12



Chapter 1 Background

propagate at a metal/dielectric interface, show up a finite propagation length L, ,
that is L, =1k;, this decrease has a great importance since it determines the

length of propagation of the plasmon waves.

2.- In the spectral interval of interest, one has:

Em €4

> /ey (40)
&, +Ey

This has two important consequences. First, equation (38) is deduced, so if we
insert equation (40); then, one obtains a z-component for the wave vector in the
dielectric that is purely imaginary, from equations (25a, 25b) we can see that it
means that the surface plasmons establish a nonradiative evanescent wave on the
interface and its amplitude which is maximum for z=0 exponentially decreases

into the dielectric [6], as represented in figure 1.3.

The skin depth for metals is around nanometers, this detail is important for the

characterization of the surface nanostructure.

FIGURE 1.3. Evanescent electric field associated to surface plasmons at a metal/dielectric
interface.

13
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The second point concerning the equation (40) is that the wave vector of a free-

photon which is propagating on the dielectric is given by:

k=2 ey (41)

This is always smaller than the wave vector of a surface plasmon kg, which is

propagated at an interface between dielectric and metal, as shown in figure 1.4.

I
— I
// 1 ——* Z
<k
/ e
. [/ ! , Dielectric
Ky, ! Metal
|

FIGURE 1.4 X component of the wave vectors of a incident photon on the dielectric where the

surface plasmons are propagated by the dielectric/metal

1.3 SURFACE PLASMON EXCITATION

For the coupling of light with the surface plasmon only the x-axis component
of the wave vector is of interest. This means that using incident light on the flat

interface and by varying the incident angle one can obtain k, =k, -siné,. (see

figure 1.4); it shows us that is not possible to generate a surface plasmon since the
wave vector is smaller than that of the surface plasmon, as shown schematically in
figure 1.5. Thus, we can see that the plasmon dispersion curve is always below the

14
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dispersion curve of the photon which propagates in the dielectric. Therefore, it is

impossible for this light to be coupled to the surface plasmons.

()]
c
k}’
o p
Em +8d
®=ck, .
gm 8(!
;
ksp k

FIGURE 1.5 Dispersion relation for incident photons into a dielectric d (dark line), a prism p of
refraction index higher (dot line) and surface plasmon at an interface between a metal and

dielectric d.

To solve this point, we consider the Kretschmann configuration [7] (Other
coupling methods exist too, as example Otto method [8] and Gratings coupling

[1]), which allows the coupling of light with plasmon waves. This consists in
illuminating a dielectric prism p of higher refraction index (\/g > E) so the
dispersion curve of the photons, is shown by the dot-line in figure 1.5. The wave
vectors of light are for some frequencies bigger than the wave vectors of the

surface plasmon, so that the photons can excite a surface plasmon if they

illuminate at a correct angle, as exposed in figure 1.6.
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FIGURE 1.6 Component x of the wave vectors of a incident photon up to prism and the surface

plasmons are propagated between metal and dielectric of refraction index smaller than the prism.

The resonant coupling can be measured as a function of angle versus the
reflection intensity. We check a minimum in the reflectivity for an incident angle,

so that one verifies the resonant condition.

w | E,E (4 .
Ko =—, [—2—% =—_|¢g, sind, =k, (42)
“ cl\e, +eg, ¢ VP P

The resonant condition of equation (42) can be calculated by the incident angle
associated with the coupling of the incident light with the surface plasmons, so we

obtain:

. & &
0, =arcsin | —" 84—

(gm +gd)"9p (43)
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1.4 SYSTEM LAYERS WITH SURFACE PLASMON

In previous sections we showed how the surface plasmons waves may be
obtained and we showed that the surface electromagnetic field presents a
maximum of intensity at the surface and decreases exponentially inside the
dielectric/metal media, so the decreasing amplitude depends on the wavelength
used also as the optical features of the metal for different frequency wavelengths
(at the visible spectrum and almost IR approximately 630 nm, He-Neon laser) and
for thin metal films with values around 200nm. Because of this, any changes on
the optic properties of the dielectric films around 200 nm, the conditions
excitement for surface plasmons changes. This characteristic allows us to detect
the absorption of a film new by means of controlling of resonant angle.

Now, we suppose the system prism/metal/dielectric and insert a new dielectric
film on the metal. Taking this into account, we imagine that the new dielectric has

a dielectric constant &, bigger than the original dielectric medium (s, > &,). In

this case, the effective refraction index is higher and related with the surface
plasmons, so in a similar way (see figure 1.5), the dispersion curve is moved by
the surface plasmon up to higher wave vectors, as represented in figure 1.7, the

curve wy, is the dispersion relation of the surface plasmon in the normal system

and the curve w,, is the system in which was included the new dielectric layer.

Therefore, for a specified frequency the wave vector of surface plasmons will
be higher and, of course, we will need a high incidence angle of for excitement the
modes. Therefore, one concludes that the condition for excitement of surface
plasmons depends on the effective refraction index of the materials deposited on
the metal with thickness around 200 nm. Hence, if a dielectric layer is deposited
on the metal, one can calculate the refraction index as a function of the film
thickness.
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w -

k
FIGURE 1.7 Dispersion relations for incident photons up to a dielectric d (dark line), a prism p

of refraction index higher (dot line), surface plasmon at a interface between a metal m and

dielectric d (dark curve g, ) and plasmons at a interface whit a layer more (dot curve a)sp,)

The reflectivity of system layers can be theoretically calculated by the
dielectric constants and determined on each layer. These calculations, about
reflectivity, can be related to the amplitude/irradiance distribution fields in each
media/layer. Hence, the mathematical development can be done using the section
1.3.
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1.5 OBJETIVES

The objective of the present thesis is to find the general expression for surface
plasmon waves, and its applications for the synthesis of self-imaging surface
plasmon fields and the generation of surface plasmon focusing. In this last topic,
we will show the possibility of generating dynamical features by means of the

generation of surface plasmon vortices.

The structure of the thesis is as follows:

In chapter two, we consider the description of surface plasmon fields starting
from Helmholtz’s equation establishing an analog formalism for diffracting free

beams.

In chapter three we shall comment on the surface wave mode for the
description of plasmons at the interface, by obtaining the refraction index for

interfering plasmons fields also as the description of general plasmon modes.
In chapter four, we shall describe surface plasmon (SP) self-imaging fields
where the analysis is performed at the spatial frequency and the obtained

condition is matched by Montgomery’s condition for homogeneous media.

In chapter five we describe the dynamics of surface plasmon SP and the

analysis is applied to the description of vortex for surface plasmon.

Finally in chapter six, we shall present the general conclusions as well as the

future research.
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CHAPTER 2

Description of Surface Plasmon Fields

2.1 INTRODUCTION

We obtain the surface mode solution for the Helmholtz equation using
formalism analogous to diffracted free beams. By means of a linear superposition
of the surface modes we obtain an expression similar to the angular spectrum
model which allows us the generation of general surface diffraction fields.

2.2 MODES THEORY

A propagation mode is a solution of the Helmholtz equation that we describe in

the analysis by the form:

V2g+k’p=0 (2.1)
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Chapter 2 Description of Field Plasmons

However, the Helmholtz equation can be described in a reference system which is
separable in the coordinates of propagation, without a loss of generality the

coordinate is considered as the z-axis, defining the transversal Laplace operator:

VZ_az 872

I + & (2.2)
Equation (2.1) can be rewritten in the form:
2
Z—er(vf +k®)p=0 (2.3)
z

Equation (2.3) is developed for coordinate z and by considering that equation

(2.1) has one solution, expressed as:
d(x,y,2)= f(x, y)exp(izA) (2.4)

where A is an operator that is defined asA=4V >+k?, and f(x,y) is an

arbitrary function. Hence, we can expand equation (2.4) in series given by:

. ~\n
iZA

- f(xy) (2.5)

NgE

#(x,y,2)=

1l
o

n

Because of function f(x, y), it can assign a solution group, such as an eigenvalue

of operator A, I.e. which satisfies:

Af (x,y)= 7 (xy) (2.6)
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Chapter 2 Description of Field Plasmons

by applying n times the operator to the function f(x, y), this yields:

ATE(xy)=7"(xy) (2.7)
By obtaining as a result a proposed solution (2.5) that is:
#(x,y,z)= f(x y)exp(izy) (2.8)

where y is a constant and the function f(x,y) describes the profile of the wave.

Solutions of this type are known as propagation modes. The eigenvalue equation

satisfies:

VZE(xy)+ (k> -3 f(x,y)=0 (2.9)

Therefore, we have a mode that is a solution of the Helmholtz equation whose
profile does not change when it is propagating. In fact, the amplitude function
satisfies a two-dimensional Helmholtz equation. This is the reason why mode
solutions are known as non-diffracting beams. In general, the prototype solutions

of the modes are the plane wave and Bessel waves [9], [10].
2.3 BEAMS THEORY

The modes are exact solutions of the Helmholtz equation where we assume that
the complex amplitude of any monochromatic optical disturbance propagating in a
homogeneous medium must obey such a relation. Since the Helmholtz equation is
a homogeneous linear equation the general solution can be represented by a
coherent superposition of plane waves. On the other hand, another type of
expression representing the propagation light is by using paraxial equation. The

paraxial wave equation is an intermediary between the simple concepts of rays
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Chapter 2 Description of Field Plasmons

and plane waves and deeper concepts embodied in the wave equation; therefore,
the solutions of the paraxial equation are known as beams [11].The Helmholtz
equation is a linear equation, then the general solution can be expressed as a

superposition of plane waves of the form

#(x,y,z)= H A(u,v)exp(i2z(xu + yv + zp))dudv (2.10)

where u, v and p are parameters which must satisfy the following condition
2 2 2
us+v+p _%Z (2.11)

or equivalently

p=%,/1—/12iu2+v2i (2.12)

By considering the condition 1 >> 4> (u2 +v2) which is obtained from (2.12) and

by using the Taylor series, it yields:

p=%_?ﬂ(u2 +V2% (2.13)

Then the approximate solution to the Helmoholtz equation is

d(x,y,2)= ” Au,v)exp(i2z(xu+ yv))exp(~izA - 2(u? +v2 ))exp(ikz Jdudv

(2.14)
Hence, this equation is known as the paraxial solution and can be rewritten in the

form:
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Chapter 2 Description of Field Plasmons
#(x,y,2) = exp(ikz)5(x, y, 2) (2.15)

The first factor on the right hand represents a plane wave while the second factor
is either the modulation function or the monochromatic plane wave amplitude

along a coordinate z, which is represented by:

&(x,y,2)= ” Au,v)exp(—iz2z(u? +v? ))exp(i2z(xu + yv))dudv (2.16)

where A(u,v) is the considered beam function. Thus, the differential equation
which satisfies the modulation function can be found by taking the Laplace
equation from equation (2.15). &(x, y, z) varies linearly along coordinate z. Thus,

we obtain:

Equation (2.17) is known as the wave paraxial equation.

2.4 MODE EXTREMAL PROPERTIES

FIGURE 2.1 Representation of different electric fields on the surface.

24



Chapter 2 Description of Field Plasmons

Our notion of representing a mode is extended to flat metal surfaces, as
illustrated in Fig. 2.1, where E, and E, are the amplitude fields, ¢, and ¢, are
the media permittivity. Hence, we request a mode propagating on the plane
surface. We consider that the field’s amplitudes E, and E, are expressed by the

form:

E,(x,z)=C, f,(x)exp(isz) (2.18a)

E,(x,2)=C, f,(x)exp(ipz) (2.18h)

We suppose that E, and E, are the electric fields, C,can be considered as a
vector and f, (x) describes the wave profile whereas exp(iz) is the propagation

wave, where (k=1,2). Hence, on the interface one obtains equations by the
boundary conditions of the electric field. If the boundary is free of charges and

currents, the boundary conditions for the electric field are:

E, =E, (2.19a)

gln Eln = an E2n (Zlgb)

E,; and E,, are tangential and normal components, ¢, is the media permittivity
where (k=1,2), Cl,g of equation (2.18) can be represented as a vector in two

components by:

C,=(a,.b,) (2.20)

n n!'*~n
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where n=1,2. So, equation (2.18) is expressed by:
E,(x,z) = (ia, + kb, )f,(x)exp(isz) (2.21a)
E,(x,z)=(Ta, + kb, )f,(x)exp(isz) (2.21b)
where a, and b, are the amplitude components of the electric fields for different
angles; for k=1,2. Thus, the boundary condition is described by equation (2.19)

and is evaluated at the origin. By considering this and since the phase matching

condition is S, = f,, one obtains:

b, f,(0)="D,f,(0) (2.22a)
ga,f,(0)=s,a,1,(0) (2.22b)

By considering a perturbation on the surface of the form
f,(x)=exp(- a,x) (2.23a)
f,(x)=exp(- a,x) (2.23b)
The boundary conditions allow us to find a function relation between the
parameters(al,az,bl.and .bz), and by using the equations (2.21), (2.22) and (2.23),

we have:

E,(x,z)=(Ta, + kb, Jexp(—ar,x)exp(ifz), x > 0 (2.24a)
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E,(x,2)= (l“gla1 + RbZ]exp(— a,x)exp(ifz), x < 0 (2.24b)

&

Both representations are obtained when we illuminate a surface with
P-polarized light and they described the propagation plasmon on the surface in
each media. Now the charge-free media conditions and equations (2.24) must
satisfy V- E,, =0, given by:

£,0, = £,0, (2.25)

Equation (2.25) implies that the attenuation ratio is related by the electric fields in

each media. To obtain the possible values for in equation (2.24) each
component must satisfy the Helmholtz equationV?-E,, + K?E,, =0.Thus, it

follows:
K, = ,6’2 —azl (2.26a)
K, = ,82 —a§ (2.26b)

Equations (2.25) and (2.26) can be explicitly resolved by the S parameter.

Therefore, it becomes

p= w[%J (2.27)

c glr + 82r

where ¢, = ¢, /&, refers to the relative permittivity. It should be noted that the
expression for f represents the possible values for the phase parameters
associated with surface waves which can correspond to evanescent waves if g is

complex and plasmon waves if g is real. For the last case, the dependence of the
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wave vector £ on the frequency of light is known as the dispersion relation and it

is related with the plasma oscillation as was discussed by Raether [1].
2.5 ANGULAR SPECTRUM
Our idea is to use the mode solution to represent an arbitrary surface field. As a

particular case and an example, we suppose two counter-propagating waves, as it
is illustrated in Fig. 2.2

Metal

FIGURE 2.2 Two similar waves counter-propagating on the surface.

Thus, one may interpret the equation in two different electric fields by

representing it in the vector form, which is given by:

E; (x,2)= (Ta, +Kb,) exp(-a;X) exp(if5z) + (ia, — kb,) exp(—a, x) exp(-ifz)
(2.28)

These waves generate spatial redistribution charges, so by performing the explicit

calculus we obtain:

E. (x,2)=12a, exp(—a,x) cos(.2)+ k 2b,i exp(— e, x)sen(3.2) (2.29)
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In this case, when we evaluate it at the origin, (i.e.z=0), and by using the

Maxwell equation

VE =/ (2.30)
we have:
p =—2&(a,a, —ibyB)exp(—a;x) cos(fz) (2.31)

This equation shows that the electric fields produce a distribution charge and

depends on the attenuation coefficient, ; however, we can use the modal solution

for an analogous structure at angular spectrum, and by using equation (2.24).

Y

 J

FIGURE 2.3 Rotating the x-axis on the plane y-z only.

Thus, once the reference system is rotated along the x-axis, as shown Fig 2.3 the

expression for the surface wave becomes:

E,(x,y,2)= (7, + Jb, cos & + kb,send)exp(— a, x e P (=n?+¥ecs0) (2.32a)

E,(x,y,2)= (T‘gla1 + Jb, cos@ + kb,sen 49} exp(— ar, x gy (2 32h)

&
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where z — ycoséd+ zsen@; then, the representation for arbitrary surface fields

can be obtained by a superposition of mode surfaces, by the following equations:

E.(X,y,2) = T(TA(ul)+ 1B(u,) +KC(u, ))exp(— oz, x Je "+ #)dy, (2.33a)

—0

E,(x,y,2) = T(FA(ul)Jr iB(u,) +KkC(u,))exp(— ar,x e ®dy,  (2.33b)

—00

ulzcos%lzcorresponds to spatial frequencies and 4,, represents the

wavelength in each media. The parameters A(u), B(u) and C(u) are related by the

expression:
2 2
u?+p?= %z (2.34)

Essentially equation (2.33) has the same mathematical structure as the angular

spectrum model [11].
2.6 CONCLUSIONS

We described which modes are known like diffraction free beams and satisfy
the Helmholtz equation where the complex amplitude of any monochromatic
optical disturbance propagating in a homogeneous medium must obey such a
relation. We determined that the solutions of the paraxial wave equation are
known as beams too. In fact, the representation of a mode is extended to flat metal
surfaces where we obtained the dispersion relation which represents the possible
values for the phase parameters associated with surface waves which can
correspond to evanescent waves, and finally we used the modal solution for an

analogous structure at angular spectrum.
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CHAPTER 3

Modal Description of a Surface Wave

3.1 INTRODUCTION

In this chapter we comment on the general wave mode representation for flat
metal surfaces, known as surface plasmons modes, obtaining an analytical
expression for the effective refraction index. The general modes are obtained by
means of the interference between two non-parallel surface plasmons. We show
that the interference between surface plasmons generates charge redistribution.
The explicit calculus is obtained by stationary surface waves obtained by

interfering two counter-propagating plasmons.
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3.2 SURFACE WAVE MODAL DESCRIPTION

3.2.1 PLASMON DESCRIPTION

In chapter 2 we have obtained the dispersion relation function for surface

plasmons (SP) using the charge media-free conditions. Now we can consider a

plasmon wave propagating on the interfaces metal- dielectric media, as sketched

in figure 3.1.
x - > - - - > -+ > < >
A
< - »> < < »> < »
— ]
-+ - 4+ - + - + - + -
> Z
Glass

FIGURE 3.1, Representation of a plasmon wave propagating at the interface between metal and

dielectric media.
The expression for the surface plasmon propagating on the metal surface is
E,(x,z)= (TA+KB)exp(— &z, x)exp(iz) (3.1)
The expression for the phase function, considering the dispersion relation function

is

exp(ikz) = exp(i W/ Ny z) (3.2)
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From this equation, the effective refraction index is given by:
Ny =(£+in) (3.3)

The refractive index can be obtained from the dispersion relation function, having

the form

%
(E+in)= [glf‘ng j (3.4)

glr + ng

where &, = ¢, /&, refers to the relative permittivity, then we have that equation

(3.1) takes the form:
E,(x,z) = (TA+KB)exp(— ar,x)exp(ik,& - 2 )exp(— k77 - 2) (3.5)
This equation describes a plasmon wave propagating into the media as an
evanescent wave, so we can generate two surface plasmon waves propagating at
the plane y-z with an angle, as represented in the figure 3.2, and then one obtains:
E,(x,z)= (TA+ jBcos & +kBsend)exp(— a,x)exp(i(zsend + y cos 6)) +

(TA— jBcosd +kBsend)exp(— o, x)exp(iB(zsend — y cos )
(3.6)
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Direction of propagation

Surface
plasmons

FIGURE 3.2 Representation of two plasmon waves propagating along the interface with an angle

Equation (3.6) becomes:

E, (x,z) = {2Acos(py cos 6) + 2iB cos Gsen(By cos 6) ] + 2Bsend cos( By cos O)K fx
exp(— e, x)exp(ifzsend)
(3.7)

Therefore, we can take the exponential term of equation (3.7) and compare
with equation (3.5). Thus we obtain the new expression for the effective refractive

index

bl
(%J send = (& +i7)=ny (3.8)

From the real and complex parts of the effective refractive index we can obtain

the values for the electrical permittivity.
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3.2.2 SURFACE MODE PLASMONS

The following analysis is applied to SP modes, i.e. we are considering £ as

real. Surface mode solutions given by equation (2.33 of chapter 2) are the
analogous to plane waves for homogeneous media. For this reason they can be

implemented to describe arbitrary SP fields of the form

E(%Y.2)= | (T AU)+ j BUy)+ EC(ul)j expla,X) exp{iZ{gfzj (yu, + zpl)}dul
b & +é,

(3.93)

E,(xY.2)= | (T Au,)+ ] B(u,) +EC(u2)]expea2x) exp{iz{%j (YU, + zpz)}duz

& +&

(3.9b)

cosd
where u =
0

corresponds to spatial frequencies, A, represents the wavelength

in vacuum and A(u), B(u), C(u) are the amplitude functions which are related to
the transmittance function by means of the Fourier transform. Essentially,
equations (3.9) have the same mathematical structure as that of the angular
spectrum model [11]. The electric field given by equation (3.9) generates surface
charge redistribution; however, the spatial average of the charge must be zero to
satisfy the condition of media free charge. This is the manifestation of the
interference fringes between the elementary SP modes emerging from the

transmittance function.
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3.2.3 DIFFRACTION FREE BEAMS

The next point of the analysis consists of finding a general expression for SP
modes, from which equations (2.24 of chapter 2) is a particular case. By analogy

with diffraction free beams, the general structure of the mode must be of the form:
£, 0.2)=( Ta09) + 1)+ Ke(y) Joxp(-coge™” (3.10)

where the problem to be solved consists in finding the expression for the [a(y),
b(y),c(y)] functions and phase parameterQ. By substitution in the Helmholtz’
equation these functions satisfy:

0*(@,().b ). ), (

5 K? +a?—Q%)a, ()b, (¥).c,(y)=0 (3.11)

and the general expression for mode solution is

E,(x,y.2) = (Tg: + o+ késjcos( by + ) exp(-an)e’™ (3.12)

where p =+/(K? +a?-Q?) and (&,,,), 1 are arbitrary constants.

Equation (3.12) can be obtained by means of the interference between two
elementary plasmon modes of equations (2.24 of chapter 2). The parameter Q is

related to the dispersion relation function by means of Q = gsin@. In figure 3.3

we show the parameters associated to equation (3.12).
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Interference
region

Elementary
SP’'s

v

Direction of
propagation

FIGURE 3.3.- Interference between two elementary SP modes and the synthesis of an effective SP
mode propagating along z-coordinate, the phase parameter Q is smaller than the dispersion

relation 3.

Until this point, we have shown that it is possible to generate new modes by
interfering elementary SP modes. This construction from the angular spectrum
model is analogous to diffraction free beams for free space, a prototype of that
being the Bessel beams; for such modes, the spatial frequency representation
should be on a circle. For general SP modes the corresponding representation
consists of two points as can be deduced from equation (3.12). These two points
are generated by the intersection of a frequency circle for homogeneous media
with the (u,p) plane. More details about the frequency representation for
diffracting free beams can be found in [9,10,12]. A natural extension of the
previous analysis consists in generating a coherent interaction between two or
more modes. This can be obtained by a superposition of modes propagating in
different directions and with different phase parameters. An interesting case

occurs in some regions where a consonance between the phase parameters occurs.
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3.3 INTERACTION OF PLASMONS

The electric field given by equation (2.33) chapter 2 generates charge
redistribution where the expressions for the charge density functions in both

media are given by

Py =&V _[(fA(ul)Jr iB(u, )+ KC(u, ))exp(— a, X )e 0+ )du, (3.13a)

prs =2 [ )+ 18(u,)+ RC(u, oxp(- a e ™au, (3130

In order to understand the physical meaning of equations (3.13) we describe the
interaction between two counter-propagating plasmon waves, performing the
calculus only for the electric field amplitude on media 1. We find that the electric

field satisfies

E,(x,2) = (T a+ Eb) exp(—a, X)e”* + (T a—k bj exp(—a; x)e

= 2(i acos(z)+ K ibsin(/3z ) exp(—a,X)
(3.14)

A similar expression is obtained for media 2. In order to associate a physical
meaning to the electric field, the parameters a, b must be imaginary. The
expression corresponds to a standing wave. Taking the divergence of equation
(3.14) we obtain

V-E, = —4ie ™ (aa, sin fz + b cos fz) (3.15)
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This is in general non-zero. This means that the superposition of two counter-
propagating plasmon waves generates a charge redistribution, where the charge

density function of media 1 is given by
Pq = dige”™(ae, sin fz +bpcos pz) (3.16)

Again a similar expression is obtained for media 2. It must be noted that a
periodical array of charges is generated, the spatial period of which is proportional

to the inverse value of the dispersion relation given by

1/2
d= Zﬁ’f - z(glgr *g gzrj (3.17)
1r“2r

The possibility of generating charge distributions is a very interesting topic and
it has been described by Rather [1].

3.4 CONCLUSIONS

We obtained the general expression for surface plasmon modes establishing an
analogy with diffraction free beams for homogeneous media. We show that the
spatial frequency representation corresponds with two points. From this
representation we obtain the expression for the effective refraction index and we
show that it is possible modify the dispersion relation function. This kind of
beams offers interesting applications as two-dimensional plasmon twisters.
Finally we show that the coherent interaction between two or more surface
plasmon modes generates charge redistribution. This feature allows us to generate

the boundary condition to generate other kind of surface plasmon fields.
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CHAPTER 4

Description of Diffraction Plasmon

Fields and Some of Its applications

4.1 INTRODUCTION

In the present chapter, we describe the possibility of synthesis for surface
plasmons self-imaging fields, this analysis is performed in the frequency space
and the obtained condition is matched with the Montgomery’s Rings for
homogeneous media [13,14]. The angular spectrum model for SP allows us to
describe the plasmonic diffraction field. This model is implemented to describe
new features such as the description of surface singularities which occur in
focusing regions [15,16,17]. The phase function on these regions presents an
adiabatic behavior, and it is deeply related to the charge redistribution. Thus, the
construction of focusing regions and some of its features is associating a

catastrophe relation to the phase function.
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In this way, we can start the study by using the equations for the angular

spectrum model for both media as follows.

E,(xy,2) = [(FA@,)+ JB(uy) + KC(u, ))exp(— o, x)e a1y,

—0

0

E,(X,Y,2) = j(TA(u2)+ 7B(U,) +kC(u, ))exp( ar, X)e? " )du, ,

—00

where (fA(ui)+ iB(ui)+IZC(ui)) is the amplitude vector for a plasmon mode

propagating in the direction defined by spatial frequency “u”.
4.2 SURFACE PLASMON SELF-IMAGING FIELDS

The self-imaging condition means that the amplitude function for the optical
field must be periodic along the propagation coordinate and it can be represented
as a Fourier series. By considering the z coordinate as direction of propagation,

the vector amplitude distribution (on media 1) can be represented by:

E.(x,y,2) =exp (- ax)>’ (T a, + rb + kgnjexp (iZzz%) (4.1a)

0

E,(xvy.2)= | (T A(u)+ j B(u) + EC(u))exp(— ax)exp{iZz[:fZJ (uy + pz)}du

—00

(4.1b)

where “d” is the period of self-imaging along the z-coordinate, and the

coefficients (a,,bn,c,) can be expressed at functions of the y- coordinate. To find

the general structure of the amplitude frequency functions (A(u), B(u), C(u)), one
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can substitute expression (4.1) into the Helmholtz equation and by solving for the

y-variable we obtain that solutions are given by:

(a,(y)b,(y).c,(y))= (ae“sny ,be'% | ce”“y) (4.2)

being (a ,b ,c) arbitrary constants, and the phase term satisfies:

5, =\/(,6’2 +a?- 4’;22”2j (4.3)

By wusing this representation in the series of equation (4.1b) and

consideringz = 0, we obtain that the amplitude frequency representation can be
obtained by means of a Fourier transform having the structure of a

Dirac- 6 function of the form:
(A(u), B(u),C(u)) = (A, (u), B, (u),C,()5u~-B-5,) (4.9)

where (An (u),Bn(u),Cn(u)) are arbitrary functions. Equation (4.4) consists of a

set of points in frequency space; this result is equivalent to the Montgomery
condition for free space [13]. The spatial analysis for the self-imaging fields can
be obtained by using the paraxial approximation in equation (4.3). This
corresponds to the weak self-imaging condition and by following the

Montgomery’s treatment it can be rewritten as:

5~ A Jn 4.5)

n 172
618, 242
(91 + 52
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A particular case of equation (4.5) is when n=0, 1,4,9, ...; this is known as
Talbot’s effect, and the transmittance function corresponds to a periodical object

of period “a” which is related to the self-imaging period by means of :

2
dr_ 22 (4.6)

1/2
&€
l 1“2
81+€2

Equation (4.5) represents a set of points whose structure is a one-dimensional
zone plate, as shown in figure 4.1. They can be obtained by intersecting a zone

plate with u-axes.

Periodical
transmittance
function

oil drop

I/l “ Elementary SPs :|>
[ !

self-imaging
field

(@) (b)

Figure 4.1. a) Montgomery rings and its intersection with u-axis. The highlighted points are the
frequency condition for the plasmon fields to present the “weak self-imaging”. b) Schematic set up

for the generation of self-imaging by diffraction of SPs.

The self-imaging field is obtained by means of the diffraction field generated
by illuminating a transmittance whose Fourier transform corresponds to a set of

“points” which must satisfy equation (4.5). In figure 4.2 we show a computational
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simulation of the irradiance distribution on the Y-Z plane metal surface for the SP
Talbot’s effect.

20
--é- 10
= 0
j-m
-20
0 100 200 300 400 0 20 Ly B0
Z (. m) Z (. m)

FIGURE 4.2. Irradiance distribution for a weak SP self-imaging field. The field was generated

by interfering 7 elementary SPs, propagating along directions making the following angles with

respect to the positive z-axis: 6, = (i 9°,i6°,i3°,0). The wavelength in vacuum is
A= 277 =502nm. a) On a gold surface for which the SP wavelength is A_ =476 nm; b) On the
[ sp

surface of an Au thin film with thickness d=40 nm, covered by an oil drop of glycerin (n=2.1) for
A, =68 nm.

For a periodic transmittance with a period of 10 microns, and for a wavelength
of 476 nm, the period of self-imaging is about 300 microns. For this propagation
length, the absorption plays an important role and the self-imaging phenomenon is
not possible. However, by considering a reduction of the period about 1.5 microns
deposited on a gold film of thickness d=40 nm and covered with oil of refractive

index n=2.1, the effective refractive index is ng =A4,/As, =7. For these

configurations, the self-imaging field has a period of 50 microns, which is feasible
to implement experimentally avoiding absorption analysis. These comments are
sketched in figures (4.2a) and (4.2b) just to compare the scale reduction in the
self-imaging period. Similar configurations have been proposed recently to
implement an oil drop as a mirror/lens [18,19].
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4.3 DESCRIPTION OF PLASMON SINGULARITIES

In order to have a complete description of the surface optical field it is
necessary to describe the singular regions. On these regions, the amplitude
distribution has adiabatic features; it means that the spatial/temporal amplitude
function changes very slowly. These features are deeply connected with charge re-

distribution.

The simplest case to generate a singularity is by interfering two elementary
counter-propagating plasmon waves, as represented in figure (4.3a), the nodes
correspond to singular points. Performing the calculus only for the electric field
amplitude on media 1 and using the equation (3.14) described in Chapter 3, we
find that the electric field satisfies:

E,(x,2) = 2exp(—a1x)(7acos,b’z + E ibsin fz) 4.7)

A similar expression is obtained for the medium 2. To associate a physical
meaning to the electric field, the parameters (a, b) must be pure imaginary. The

expression corresponds to a standing wave.

It must be noted that the period “d” (equation 3.17 of chapter 3) of the charge

array is proportional to the inverse value of the dispersion relation function given

by

1/2
d = 27 _ ,{MJ (4.8)

1 Eyp

For the SP fields, the charge period satisfiesd > A. Expression (4.7) has

associated a discrete set of singular points; the continuous case is generated by a
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set of elementary mode solutions. The geometrical construction is analogous to

the envelope region for homogeneous media.

Elementary SPs

Evolucion of the boundary

. condition
Nodes of the Stationary -

Surface plasmon wave .

Singular region

Direction associated to the
L SPs

Elementary SPs

€Y (b)

FIGURE 4.3. Geometrical description of singular regions: a) The generation of discrete singular
points by means of the interference between two contra-propagating elementary SPs. b) The
singular region by means of the envelope of elementary SPs. The modes emerge in a perpendicular

direction to the curve.

The singular regions associated to the diffraction field emerging from a

transmittance function of the form t(y, z) = 6(y — g(z)) means that parameterized

amplitude function can be represented by
E(X,y,u) = (? A(U) + j B(u) + EC(u)jexp(—alx)eiﬂ”“*g(y’p) (4.9)

where u is considered as a parameter. From this representation, the extremal

features of  the mode trajectories whose phase function

isL(x,y,u)=pg(yu+g(y)p) are given by %:0 and the calculus of the
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envelope implies that the phase function satisfies%gzﬁztane. This is the

u

tangential condition for envelope regions of mode trajectories. Hence, the
geometrical point of view means that the trajectories are tangent to the singular
regions, as represented in figure (4.3b). In figure 4.4 one shows the computational
simulations for the focusing region for the case when the geometry of the

boundary condition corresponds to a Gaussian profile.

FIGURE 4.4.. Focusing region obtained by illuminating with an elementary surface plasmon

wave a reflecting surface with Gaussian shape with o =104, and depth 5 4.

Due to the tangent property, generic features for the phase function can be
implemented. This means that a catastrophe function for the phase function can be
used [15,17]. By considering a curve where the trajectories emerge in a
perpendicular way, it is easy to show that singularities correspond with the
envelope of the curvature centers, this curve is known as evolute curve. Thus, on
this region adiabatic features are presented, which means that the phase function
changes very slowly and charge re-distribution is generated. More details

concerning this representation can be found within [17]. By associating to the set
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of surface modes a parametric representation as a catastrophe function the surface

plasmon field has a structure of the form:

N

E(x2)= (T a+jb+ zc) exp(— &, x)expli(catastrophe function(y, z,u)))

(4.10)
4.4 EIKONAL EQUATION FOR PLASMON FIELDS

A very important topic can be incorporated in order to improve the
understanding of the physical characteristics of the plasmon fields. This can be
obtained by incorporating a geometrical analysis. From the fact that a plasmonic
field can be described by a superposition of plasmon modes, we can describe the
evolution of the surface field using a model similar to geometric optics, i.e. we are
incorporating extremal features to trajectories of the surface plasmon mode. We
can propose the evolution of the optical field through a solution of the Helmholtz
equation of the form:

E;(x,y.2) = A exp(-a;x)exp(ikL, (v, 2)) (4.24)

where k is the wave number in free space. By substituting equation (4.24) in the
set of Helmholtz equations (4.10) and comparing real and complex parts, we

obtain a set of eikonal equations

2

VL (y,z) = +a? (4.252)
Vl
2

KL, (y2)" =" +a? (4.25b)
VZ
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When we approach the surface through media 1 or through media 2, the optical

path length must have the same value. This is possible only if

L (4.26)

The physical interpretation is that once a plasmon mode is generated, it

propagates in a media with a plasmonic refractive index, given by

ol ol
stnf+E%:n§+E§ (4.27)

The plasmonic refractive index depends on the attenuation rate in each media,
which is a fundamental difference with the effective index method as described by
Marcuse [20]. As a principal result of this section, we have that homogeneous
light arriving at the surface detects two refractive indices: n, andn,, however the
plasmon mode “feels” a single refractive index Np From equation (4.27), we have
that the decreasing rate in each media is related to the homogeneous refractive

index according to

n? —n? = klz(ag ~a?) (4.28)

Using the expression for the plasmonic refractive index, we can associate
extremal features with the optical path length. For this case, the functional is

given by

L(y,2) :Tdis (4.29)

and the extremal behavior can be considered as Fermat’s principle for plasmonic
fields. The proposition of a plasmonic refractive index and its extremal analysis
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has deep physical consequences, because each set of extremal trajectories
associated with the surface modes generates a “flow of extremals”, also known as

geodesic flow.

The flow has generic features: It is ergodic and structurally stable [21, 22, 23].
The first property allows us to analyze the possibility for generating partially
coherent plasmons. This can be pursued using the correlation function obtained
from equation (4.7), given by

W (R 7) = (B0 -7 (X)) =e 7 [ (AW + (B +[c(u,)? je ey,

(4.30)

where P, =(y-vy,,z—1z,)and W is the cross spectral density function. It has been

shown that this function satisfies the Helmholtz equation [11]. By the same
approach we can also associate an eikonal equation for the cross spectral density
function, which means that along surface modes the correlation function is an
extremal. More details can be found in [24-28].The structurally stable features of
the flow allow us to analyze the structural stability of the surface optical field. We
can analyze the behavior of the plasmonic field when the refractive index N is
changing. The changes must be manifested by the fluctuations of the optical path
length, given by

L(z(y)) = T(N S+ ENds (4.31)

where & is a function which may depend on spatial coordinates and/or time. It

describes the fluctuations of the refractive index. If this parameter has only a
temporal dependence, then equation (4.31) has the form:
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L(y(®).z(t)) = ?(N p TSN () +(z) dt (4.32)

This can occur when surface parameters are changing with time, for example if
the surface has a different temperature than the environment and the refractive
index is changing due to the process of thermal equilibrium. Another interesting
situation occurs when we have a rough surface. For this case, Eq. (4.31) takes the

form

L(y(x),z(x)) = ?(N o E(X Y, z))\/dx2 +dy? +dz? (4.33)

This extremal model is very interesting, because we can compare the
trajectories obtained following (4.33) by the trajectory obtained by a flat surface

when &(X, Y, z) =0. When the correlation function between these two trajectories

diverges, the two electromagnetic features must be dramatically different, and this
occurs when plasmons are coupled to homogeneous media, generating light
propagating in space. Equation (4.26) allows us to determine the range of
variability in the refractive index and thus determine the stability of the plasmonic

field. From the expression for plasmonic refractive index associated to roughness,

2
we find that at points where \cf(x, y,z}2 zitlzthe plasmon mode generates light

propagating back into space. This is because N§ ~n? which means that the

plasmonic refractive index tends to the refractive index for homogeneous media.
This is a very interesting result because it allows us to identify the scattering
points for plasmonic fields, avoiding statistical treatments, i.e., we can identify

points where plasmons are converted to light propagating in space.
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4.5 CONCLUSIONS

We find that the sufficient condition for self-imaging is analogous to the
Montgomery’s condition for homogenous media. We showed that singular points
can be generated experimentally by means of the interference between two plane
plasmon modes propagating in opposite directions. Finally, we have shown that
the surface optical field can be described using an extremal analysis where a
refractive index for plasmon modes is obtained. The optical path length was
calculated for a flat surface; however expression (4.29) is more general and can be
applied to curved geometries, where the trajectories correspond to a set of

geodesics.

52



Chapter5
Radiometric Features of Surface Plasmons Fields and Synthesis of Plasmon
Vortex

CHAPTER 5

Radiometric features of Surface Plasmon

Fields and synthesis of Plasmon Vortex

5.1 INTRODUCTION

In this chapter we describe the radiometric features for scalar optical fields by
means of the spectral density function and the spectral flux function. The analysis
is transferred to surface plasmon fields. After this, the definition of Surface
plasmon optical singularity is presented and we will show that in these regions the
phase function for SP has adiabatic features. Also in these regions the front wave
concept is not valid. These regions are formed by the envelope of general plasmon
modes, which justifies the name of singularities. Thus, in these regions the
curvature of the front wave is reversed, i.e. front waves with negative curvature
after this region acquire a positive curvature. For this reason, they represent
regions of organization for the surface optical field. These regions are

implemented to describe the generation of surface plasmon vortex.
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5.2 DESCRIPTION OF THE ANALYSIS OF OPTICAL VORTICES FOR
SURFACE PLASMON

In fact we know that structural features of light such as polarization and
coherence can be obtained by the phase function. Also, the momentum transfer
and the radiometric behavior can be obtained by the amplitude scalar function
[29,30]. In this sense, a very interesting topic consists in describing the
radiometric and momentum behavior of surface plasmons. The staring point
consists in describing two functions known as spectral density of energy and

spectral flux of energy, defined respectively as

1 o 04" .

HOXD =+ Veve (5.1)
_ 0P 09

FX ==V ==2 -V (5.2)

These two functions satisfy the continuity equation

M _
ot

V.F+ 0 (5.3)

This is known as the law of conservation of energy. The scalar function ¢(X,t)

1 0%¢

satisfies the wave equation V>¢ = — -
v© ot

In order to obtain a physical meaning for the F function, the definition is applied

to a plane wave of the form
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¢(X ,t) — A(U,V, y)eiZﬂ(xu+yv+zp—7t) (5'4)
Substituting this equation into equation (5.2) we obtain the vector function
F(xt)=-87y|AU,v,7)(u,v, p) (5.5)

This function can be interpreted as the energy transported by a plane wave in a
direction given by the spatial frequencies at a given temporary frequency. By
analogy, it is called vector power spectrum. From this equation the information
about energy and linear momentum can be obtained, because power spectrum
must be proportional to number of photons. The mathematical generalizations can
be obtained, using the angular spectrum model, associating an arbitrary optical

field. Thus, the angular spectrum model is given by

F(X,t) = j j j AU, V, y)e' U -0 dudyd y (5.6)

Consequently the flux spectral density function spectrum takes the form:

E(X,t) — 47> {“‘J'(}/A*(U)A(U,)eizn(xwe-iz;r(xu') G+ % A*(U)A(U,)e_izn(xweizn(xu') G')dUdU}

(5.7)

This expression corresponds to completely coherent fields. Partially coherent

effects can be associated when the power spectrum is fluctuating, having the form

FOGD = [ [[8727(|A” e (u,v, p)dudvdy (5.8)

55



Chapter5
Radiometric Features of Surface Plasmons Fields and Synthesis of Plasmon
Vortex

where brackets mean an average value. The points that remain to be solved consist
in the analysis of angular momentum. For this case, in general we have that the

optical fields have an optical representation given by
#(k,r)=9(x,y,2)expiK, (L(X,Y,Z,71)) (5.9)

where g and L are real functions. The H function has the form
2 2 2 2 2
H(X)=vg] +|gf VL’ +2gVL-Vg + 75 K, (5.10)
Vv

It should be noted that if g is constant, equation (5.9) represents the eikonal

equation.
Expression (5.6) has other physical implications. Some of them are described

as follows. If v =V(u), p = P(u), then the vector function depends only on a single

variable and takes the form:

p(k. 1) = expi(f (U).g(x, y.2))

R . (5.11)
=expi(f(u).g(x, f(x),2))
So, the front wave is given by
f(u).g(xfy, Z) = constant (5.12)

The evolution of the front wave is given by its gradient function

VW9, Y,2) = (FW)- V)G Y.2) + fWxVx gk, y.2)  (5.13)
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From the latter representation, we have that regions exist where the curl is

different of zero.

Vxg(xY,2) = h(x, y,2) (5.14)

Very interesting features can be obtained. One of them is generating a closed path

and calculating the flux of the curl. For this case, we have that

”Vx g(xjy,z)-nds:§g(x,y,z)-dl (5.15)

D L

Figure 5.1 Envelope of the critical points

The angular momentum transfer can be obtained through the collective effects
of the envelope of critical points. The understanding of these features can be
obtained from figure 5.1. It must be clear that in a region with a single value in the
phase function; only linear momentum can be generated. However in multivalue

phase functions, it is possible to obtain angular moment transfer.

The region must satisfy the following equation:
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orgatg [o%g
o oy - oxdy =0 (5.16)
whose solution is given by:
g(x,y)=x“y"™ (5.17)

5.3 RADIOMETRIC FEATURES OF SURFACE PLASMON FIELDS.

The plasmon is a vector wave, however each scalar component has associated a
function F(X,t), N(X,t). The structure of these functions is very simple so that

the scalar components for the electric field present a common phase. This fact is
interesting because the singularities of the plasmon surface can be obtained from
the phase function. In this way a parallelism with homogeneous fields may be
implemented. Hence, it is possible to predict focal plasmon regions that one
elaborated in chapter 4. Thus, the dynamic behavior is obtained by differential
partial equation for focal regions through scaling and rotating. Hence, we can use

an expression for the angular spectrum model described in chapter 2 given by:

E,(X,Y,2) = of(l“A(u1 )+ 1B(U,) +KC(u,))exp(— o, x e *®)du,  (5.18)

—0

E,(x,Y.2)= [((A[,)+ JB(U,) +KC(u, )exp(— ar, X 0 ®)du,  (5.19)

—0

where each component for the electric field E = (¢1 N/ ¢3) is represented by:

P(X,Y,2) = oj’jl“A(u1 Jexp(— a,x e POurPI= gy (5.20)

—0
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We can proceed in the same way for other components. Thus, equation (5.20) is
an example to be substituted into equations (5.1) and (5.2), so that we take the
sum of all components. Hence, equation H represents the flux density of energy

and its equation is given by:

Hooay = ZL H, (5.21)
so that
1 0¢ 0¢° .
== P00 vy 5.22
o VY (5.22)

Equation (5.20) only expresses one component, so that one can take all
components. Hence, the flux density of phase F becomes.
0 . 09
Foany = (AW)+ BU)+Cu)) - L vg - vy (522)
ot ot
This equation means that the flux density of energy is along the gradient of the

phase function. In this way, the F-function allows to describe the moment transfer

for surface plasmon fields.

5.4 VORTEX OF SURFACE PLASMONS

The previous analysis was described for scalar fields; however it may be
extended to the description of surface plasmon fields. This can be done from the
analysis of the structure of equation (5.16). After long but straightforward
calculations, it is easy to show that equation (5.17) remains non-variable under the

changes of variable
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E=ax+by+c,p=ax—-by+d (5.23)

So equation (5.16) becomes:

2 2 2 72
aLaL{aL}:O (5.24)

0L* on* | 0&on
The changes of variable, for real values of (a,b,c,d) parameters may represent

scaling, rotations, translations or combinations of them. We have that a solution

for Equation (5.24) takes the form
L(&m)=&n" (5.25)
or in the plane x-y the solution is given by
L(x,y) = (ax+ by +¢)* (ax—by +d )™ (5.26)
The first transformation means that the equation is non-variant with a scale
change, and the second condition means that it is non-variable under a rotation.

By describing a dynamics motion for equation (5.17) we make a transformation to

the cylindrical coordinate system. Thus, the equation becomes:

L(x,Yy) = (rcos8)” (rseng)™ (5.27)
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where L(r,0) is the evolution of the curve which is changing along of the
variables r and €, x=rcosd and Yy =rsené. Figure 5.2 shows a graph of the

curve in space X, Y, Z for equation (5.17), and figure 5.3 shows the projection on

the plane X, y represented by equation (5.17). The value of parameter a=0.5.

FIGURE 5.2 Evolution of the curve for a value alfa= 0.1

FIGURE 5.3 Projection of the curve on the plane x, y for a value alfa=0.1.
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Then, if we take another value of & =0.1 the curves are presented in figures 5.4

and 5.5

FIGURE 5.4 Evolution of the curve for a value alfa= 0.01

FIGURE 5.5 Projection of the curve on the plane x, y for a value alfa=0.01
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5.5 CONCLUSIONS

We described the radiometric features for scalar optical fields by means of the
spectral density function and the spectral flux function, so we have demonstrated
that energy and linear momentum can be obtained from angular spectrum model
representation associating an arbitrary optical field. The angular momentum
transfer can be obtained through the collective effects of the envelope of critical
points, taking this into account, the singularities of the plasmon surface can be
obtained from the phase function, and it is possible to predict focal plasmon
regions. Finally, we showed that on multivalue phase functions, angular moment
transfer can be obtained which satisfies in the region the differential equation
(5.16), this differential equation is non-variant with a scale change, and is non-
variable under a rotation. Hence, we have shown by different figures under a

transformation the generation of surface plasmon vortex.
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CHAPTER 6

Conclusions

In this Thesis we described the treatment for the coupling of light with surface
plasmon modes; the analysis was obtained by establishing an analogy with

homogeneous modes known as diffraction free beams.

We generate a coherent superposition of elementary surface plasmon modes in
order to describe arbitrary plasmon fields. The expression obtained corresponds
with the angular spectrum model. This representation allows us to describe

diffraction features from which we can expect novel surface plasmon fields.

We showed that a physical manifestation of the electromagnetic field
associated to plasmon fields consists in the generation of charge distribution. The
simplest case occurs for two counter-propagating plasmon modes. This simple
interaction allows the establishment of the boundary condition to generate more
complex plasmon fields such as the self-imaging plasmon fields.
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The general case offers interesting technological applications, for example ion

trapping, generation of quantum dots, generation of tunable photonic crystals, etc.

We obtained a more general mode solution for surface plasmon fields having
the property that the phase function along the coordinate of propagation is less

small than the one determined by the dispersion relation function g > Q. This

behavior of the phase function allows one to generate surface plasmon modes of
large trajectory and the self-imaging phenomenon can be generated

experimentally.

We found that the sufficient condition for plasmon self-imaging is analogous to
the Montgomery’s condition for homogenous media.

We showed that singular points can be generated experimentally by means of
the interference between two plane plasmon modes propagating in opposite
directions. The nodes correspond to stationary charge distribution, having a
periodic representation. General singular regions were described using a

parameterization for the phase function by means of a catastrophe function.

The mode analysis presented allows incorporation of other interesting features
related to self imaging, such as the Lau effect as well as the generation of partially
coherent effects. Recall that the plasmon self-imaging reproduces periodical
patterns of relatively intense surface electromagnetic fields, which could be
exploited to generate surface optical lattices and surface optical tweezers. The
associated arrays of surface charge distributions can be also of fundamental

interest in a number of fields.
We have shown that the surface optical field can be described using an

extremal analysis where a refractive index for plasmon modes is obtained. The

optical path length was calculated for a flat surface; however, the equation for
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extremal features with the optical path length is more general and can be applied

to curved geometries, where the trajectories correspond to a set of geodesics.

We described the radiometric features for scalar optical fields by means of the
spectral density function and the spectral flux function, this model was used to
describe the radiometric features of surface plasmon fields. We demonstrated that
energy and linear momentum can be obtained from the angular spectrum model
for an arbitrary surface optical field. The angular momentum transfer can be
obtained through the collective effects for the envelope of critical points. The
singularities of the plasmon surface can be obtained from the phase function and it

makes possible the prediction of focusing plasmon regions.

Finally, we showed that the singularities for the phase functions allow us to
describe the angular transfer moment in the neighborhood of the focusing regions.
This is possible because the differential equation associated to the singularities
remain non-variable under linear transformations which represent scaling or
rotating. These features are the support for the study of dynamical surface
plasmon behavior which explains the conditions to generate surface plasmon

vortex.
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APPENDIX 1

i INTRODUCTION

In this thesis work we use techniques concerning excitement of the surface
plasmons and the interaction of the evanescent electric field with thin films. This

is the reason why one must know the theory of the electromagnetic modes.

In this appendix we show the development of the electromagnetic theory, in

particular we study their ground and the mode excitements.
ii ELECTROMAGNETIC THEORY

The description of electromagnetic theory is represented by the electric field E
and magnetic field H for describing the electromagnetic fields at the matter with
the need to add a second set of vectors: the density current j, the electric
displacement D and the magnetic induction B. The spatial and temporal derivates

of these vectors are related by the Maxwell equations, which are accepted at all
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point where the physical properties are continuous in their environment. They are

given by:
V-D=4np 1)
V-B=0 (2)
vxE+1B g 3)
c ot
vxH -1 _47; @)
c ot c

In this case, the Maxwell equations are written in the form of the Gaussian system
(CGS). The constant c¢ relates the electric and the magnetic quantities and
represents the speed of light in vacuum, and p is the volume density of charge.
To determine the form of the vector fields in particular conditions of charges and
electric currents the Maxwell equations must be complemented with equations
described by the process with the electromagnetic fields. These equations are

called constitutive equations or material equations.

In general, resolution of Maxwell’s equations is complicated, but if the bodies
are static (or are put in motion) and the materials are isotropic, the material

equations or constitutive equations are given by:

j=o-E (5)
D=¢-E (6)
B=u-H (7)
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where o is the electric conductivity, ¢ the dielectric constant and x« the magnetic
permittivity. Maxwell’s equations are related by vector fields through a system of
differential equations. Thus, if one manipulates mathematically we can obtain

differential equations that will satisfy the electric and magnetic vectors.

Taking this into account, the space part does not contain charges nor currents
and is a homogenous medium, i.e.,p =0, j=0; in addition, & and u are
independent of the position by substituting the material equation (7) into the
Maxwell equation (3) and by calculating the rotation in both parts. Hence, one

obtains:
VX(VXE)-FVX('U@&I:}:O 8)

By taking material equations (6) into Maxwell equation (4) and by deriving

with respect to time one obtains:

2
vX(@H]Ja E_cg (©)
ot c ot c

Substituting equation (9) into (8) we find:

Vx(VxE)+i—’l:E:O (10)

Now, by doing use of the identity V x(V xv)=VV-v-V?v and by taking into

account that there is no charge, i.e., V-E =0, one obtains a wave equation

similar to equation (10) for the magnetic field H:
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&

VZE—C—’L;Ezo (11)
eu .

vZH—ciz‘H=o (11a)

These equations indicate the existence of electromagnetic waves with velocity

of propagation given by:

V=—— (12)

This concept of the velocity of an electromagnetic wave is only represented
when it refers to simple waves, for example plane waves. Equation (12) does not
represent the velocity of propagation for any solution of equation (11), if one
takes into account that stationary waves are solutions too.

For the common substances used the relative dielectric constant is larger than
unit, and the magnetic permittivity is equal to the unit; thus, in agreement with
equation (12) the velocity v is almost always smaller than the speed of light in

vacuum C.

iii BOUNDARY CONDITIONS

Maxwell’s equations have been sketched for regions of space upon which the

properties of the medium, like £and x, are continuous. However, sometimes one

needs to deal with physical situations whereupon the properties of medium
abruptly change through one or more surfaces; in fact, one may expect that the

vectors E, H, D and B change abruptly at the surfaces while pand j give surface

quantities correspondingly.

74



Appendices

Next, we derive the relation that describes the transition at an interface. First it
is necessary to think about the surface of discontinuity, i.e., as not only a surface
but also a thin film where the values of ¢ and x will vary constantly from the
valuese,, 4, on one side of the film toe,, x, which represents the other side of

the film. So into the film one considers a little cylinder whose main axis is normal

to the interface, and its bases have an area oA, as represented in figure Al.

n,

€1 1y

n,

Figure Al Interface considered as a volume of transition by the optics properties

The magnetic vector induction B and its derivates can be assumed continuous
in the transition film. In this case, one can apply Gauss’s theorem up to the

divergence integral B into the volume of the cylinder, yielding:
[divBdV = [B-nds =0 (13)

The second integral is realized at the surface of the cylinder, and n is the
normal vector. Because of the consideration that the areas are very small, we can

suppose that B is constant. Then, the integral of surface (13) can be changed into:

B, -n,0A+ B, - n,dA + the. participation.of the.surfaces = 0 (14)
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Taking the limit for oh approaching zero and neglecting the contribution of the

walls, we obtain:
n-(B,-B,)=0 (15)
This equation assigns the first boundary condition; the normal component of
the magnetic induction is continuous at the surface discontinuity, so for writing

equation (14) we take the condition n, =—n, . The electric displacement is treated

in a similar way but one considers an additional term if charges are present as:
j divDdV = j D-ndS =4z j odV (16)

We take the limit for the thickness of the film approaching zero, so we must
make a change from volume density to surface charge density which is given by:

lim [pdv =p"dA (17)
So
n-(D, -D,)= 4z’ (18)

Equation (18) assigns a second boundary condition: for a surface charge with
surface density o~ the normal component of the electric displacement changes
quickly through the surface by a value 4zp /n. Next, we study the tangential

components by considering a rectangular area perpendicular to the film, as shown
in figure A2. Let b be the unit vector perpendicular to the rectangle; then, by using

Stokes’ relation, Maxwell’s equation (3) becomes:
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ijE-bdssz-drz—EjB-bds (19)
C
P, t, Q n
. -
&M _L7T__
315111 > b
P1 t1 Q1

Figure A2 Transversal cutting of the interface considered as a space of transition by the optics

properties.

The first and the third integral can be realized on the area of the rectangle and

the second integral along the rectangle edge. If the length P,Q,or P,Q,are very
small (&%), one can accept that the electric field takes constant values E,and
E,along the respective sides of the rectangle, and one can similarly consider

thatB is constant along these paths. Taking into account these considerations,

equation (19) can be expressed by:
E, -t +E, -t,6 + the.contributive.sides = —(1: B-b&sdh (20)

Taking the limit for ohapproaching zero and assuming that E presents no
singularity and B is finite, then the contribution of sides PP, and Q,Q,

disappear:

t'(El_Ez):b'[nx(Ez_El)]:O (21)
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The position of the rectangle is generally arbitrary as well as the unit vector b.

Therefore, we have:
nx(E, ~E,)=0 (22)

Equation (22) defines a third boundary condition, i.e., the tangential component
of the electric vector is continuous at the interface. One can examine the case of
magnetic field, where the only difference is that a term appears when electric

currents exist; thus, instead of equation (20):

A ..

H, -t,56+H, -t,55 + the.contributive.sides = —i D-bdkdh +T j -b&s  (23)

The vector j represents the surface current density in a form similar to the

surface density of charge, equation (17). Hence, taking the limit of
oh approaching zero:

nX(Hl_'Hz):“*j (24)

Finally, equation (24) assigns a fourth boundary condition, i.e., in the presence
of a surface current density j~ the magnetic field vector undergoes a sudden
change across the interface, and the value of the continuity can be written as

477C j xn.
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IV ELECTORMAGNETIC WAVES

In an homogeneous medium free of charge and without currents the electric
and magnetic vector must satisfy the wave equation (11). The easy solution is to
use the electromagnetic field of a plane wave so we will study this case.

Let r(x, Y, z) be the position vector of a point P in space and s(sx,sy,sz) be a

unit vector in the direction of propagation of the wave; thus, any solution of the
wave equation takes the form:
E=E(r-s—wvt) (25a)

H=H(r-s—vt) (25b)

These equations represent a plane wave because at each instant t, E or H are

constants on the plane given by r - s = constant.

Showing with a point the derivative with respect to time t and with an accent

the derivative with respect to the variableu = r - s —vt, one can write:

E = —VvE’ (26)
oE
(Vx E)x = aaEyz _aizy = Eésy - E;/Sz = (SX E’)x (27)

In an analogous way one can obtain equations for the magnetic field H and for
the components y and z of the vector rotors. Substituting these equations into

Maxwell’s equations (3) and (4):
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sxE'+ M H =0 (28a)
C
sXE'+‘(’:"H'=o (28b)

Integrating equations (28) (discarding any constant field in space) and

consideringy = /J/ , One obtains:
C leu

=— #sxH (29a)
&

H=-|%sxE (29b)
7,

Taking the scalar product with s in equations (29) one gets:
E-s=H-s=0 (30)
This equation shows the transversal electric and magnetic vectors, i.e., the field
vectors are in planes perpendicular to the propagation direction. In addition, it can

be concluded from equations (29) and (30) that E, H and s are orthogonal vectors
and satisfy:

JuH =-/eE (31)

An important particular case, is the harmonic plane waves; each Cartesian

component of E and H has the form:
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acos(z + 5) = Refae )} (32)

T=a)(t—mj=a)t—k-r (33)
\'

V POLARIZATION

In previous sections, we showed how Maxwell’s electromagnetic theory
predicts the electromagnetic waves and could observe that for the electromagnetic
waves the electric and magnetic vectors and the propagation vector establish an
orthogonal system, i.e., if one takes the z-axis parallel to the direction of
propagation s, only the components x and y of the vectors E and H will be not

void.

Also one is interested to know the curve described by the vector E along time
at a specific point of space, so this curve is called state polarization. We do not
develop those equations in this section, because the most important is the
geometric concept. Generally, the electric vector E will describe an ellipse in the
plane XY and it is called elliptically polarized light. However this ellipse can be
changed to a circle or line form, these cases are respectively called circular and

lineal polarizations.

We consider a plane wave which influences a surface where the plane of
incidence is defined by the direction of propagation of the wave and the normal
component up to the surface. If the wave is linearly polarized then there are two

cases to stand out:

a) The vector E is perpendicular to the plane of incidence, in which case the

wave is called Transverse Electric (TE);

In the case of a plane wave one can obtain the polarization state determining the components x and
y of the wave, according to equations 32 and 33, with independent amplitudes for each component.
If one use the identity cos(z+&)=coszcosd—sinzsind, so one can eliminate the variable part
which contain z and one obtain the curve. Thus the curve would be a rotated ellipse but for in
particular cases can be obtained as a circle or as a line.
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b) The vector H is perpendicular to the plane of incidence, in which case the

wave is called Transverse magnetic (TM).

We note that a polarized wave in the arbitrary form is important and it can be

decomposed in two waves, i.e., a TE and a TM wave.

The TE waves are called S-polarized while the TM waves are named P-

polarized.
Vi REFLECTION AND REFRACTION

When a plane wave strikes at the interface between two homogenous media
having different optical properties the wave is separated in two forms: one wave
enters the second medium (refracted wave) and the other is reflected and goes on
propagating into the first medium. The problem of reflected and refracted waves
can be resolved by means of the boundary conditions at the interface, i.e., these
conditions cannot be fulfilled without both waves.

A plane wave propagates in the direction of unit vectors,, so it can be
completely defined when one knows a particular point in space. For example F(t)
represents the temporal state of a field at a point specified, the temporal state at
another point whose position from the first point is r is F(t—"'%). At the
interface between two media the temporal variation of the secondary field must be

equal to the primary field; then, if the unit vectors representing the directions of

propagation of the reflected and refracted waves are given by s, ands,,

respectively, one can make the analysis of the waves at a point r of the interface:

(34)
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where v, and v, are the velocities of propagation in the media.

We now consider a plane wave which propagates in the plane XZ at the

interface z=0. Then, r = (x, y,O) and equation (34) becomes:

XSy +YSy XS, +YS, XS, +YSy

(35)
Vl Vl v 2

Equation (35) must be satisfied at any point on the interface, i.e., any value of x

and y given by:
S =S 3w (362)
Vl Vl 2
S Sy _% (36t)
Vl Vl V2

The plane defined by s,and the normal vector is known as the plane of

incidence; in our case it is taken as the plane XZ, equation (36) shows that the
incident, reflected and refracted waves are in the plane of incidence. Defining

6.,0,and 6, as the angles that the vectors s;,s, ands, make with the z-axis, they

can be written in the form:

S, =sing, s, =0 S,, = C0S 6,
s, =siné, S, = S, =C0sd,
S, =sing, s, =0 S,, = C0S0,

(37)

The subscript i, r and t are to denote the magnitudes of the incident, reflected and transmitted
waves.
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Equation (37) is substituted by the components x into equation (36):

sing, sing, _sino,
Vl Vl V2

(38)

Then,sin g, =sind, and because the reflected wave propagates in the same

plane than the incident wave cosé, = cosé, , one obtains:

0, =27-6 =6,

: ==, (39)
This equation together with the fact that the reflected wave is in the same
incident plane, establish the Reflection Law. Moreover, from equation (38) one

can see:

sing, v, (40)
sing, v,

So that using equation (12) and defining the refraction index of a medium n as
the ratio between the velocity in vacuum and the velocity of propagation in the

medium, we obtain:

Vi ~J€okHo (41)

nk = — =
c S My

singd.  n &
- i :71 — ZIUZ — n12 (42)
sind, n, \é&u
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Equation (42) along with the fact that the refracted wave is in the incident

plane establish the Refraction law. n,, = r% is as the ratio between indexes of
2

refraction both media (see figure A3).

Fﬂ
)\
E;

5 BI Br

s

6, E.,
|

n.>n,

FIGURE A3 Direction and paths of the waves and incident, reflected and refracted electric

fields at an interface on the plane XY

Vii FRESNEL’S FORMULA

In previous sections we presented the laws of reflection and refraction which
indicate the direction of the electromagnetic waves in each case. Both are
functions of the incident wave and of the optical properties of the medium.
However, we have not considered the amplitudes and intensities of the reflected
and refracted fields. Fresnel’s theory shows us how one can calculate the
amplitude of the fields.
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We consider the media as homogenous and isotropic, having no conductivity
and being transparent, i.e., (¢=¢',6"=0); moreover, their magnetic

permeability is equal to the unit (u, = u, =1).

Let E,be the amplitude of electric incident field, so E; is a complex number

with its phase equal to wave function 6 (See equation (32)) yields:

Ti:w(t_r-sij:w[t_xsm@+zcos¢9ij 43)

We separate the vectors in the form of components parallel (subscriptE, ) and

perpendicular (subscript E ) to the plane of incidence. In Figure A3 one can see

the positive direction of the components, so that the Cartesian components of the
electric incident field are given by:

E, =—E,, cosd, exp(-ir,m) (44a)
E, =—E; exp(-ir,0) (44b)
E, =E,,sind exp(-ir,) (44c)

The components of the magnetic field can be calculated by equation (41)

with ¢ =1:

H=-c.SxE (45)

“The dielectric constant is in general a complex number ¢ = &' +i&". The imagine part &" is related
with the losses by absorption. When a metal is transparent i.e., there is not absorption of the light
&"=0the Fresnel calculates for transparent materials making easy the understanding. Farther on,
one will take the problem the surface plasmon excitation, but it is necessary of a film metal which
it is not transparent. In this case one would see the fundamental roll of imagine part of the dielectric
constant
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H, =-E, cosd, /e, exp(-ir,0) (46a)
H, = _Ei//\/;lexp(_iria)) (46b)
H, =E;, sing, /e, exp(-iz,o) (46c)

Taking the reflection and refraction laws of previous section and by following
a development analogous to the above one can develop the reflected and refracted

components of the electric and magnetic fields.

The boundary conditions can be obtained from the continuity of the tangential
components of the fields, hence, they yield:

E, +E, =E

ix rx tx iy ry = Sty

(47a)

(47b)

The conditions (15) and (18) for the normal components of B and D satisfy
automatically. Substituting equation (47) into the components of the incident

reflected and refracted field and taking into account cosé, = —cosé,, one obtains:

cosé.(E,, —E,, )= cosb,E,, (48a)

E, +E, =E, (48b)

e, cos6,(E;, —E, )=/e, cosbE,, (48c)
Je (Eiy +E,,)=1/&,E, (48d)
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These equations consist of two groups of two equations: a group contains the
parallel components while the other group contains the perpendicular components

to the plane of incidence, therefore these two kinds of waves are independent.

According to the relationn = -/« , one can resolve the system of equations (48)

for the reflected and refracted components in terms of the incident wave:

2n, cos 6,
= - = (49a)
n, cosé. + n, cosé,
2n, cos @
tL : : iL (49b)
n, cos@, +n, coso,
n, cos@. —n, coso.
r= 2 — : Eiy (49c)
n, cosé. + n, cosé,
n, cosg. —n, cosé
L= S = (49d)

" n,cosé; +n,cosé,

Equations (49) are called Fresnel’s formulas. By using these equations one can
calculate the reflectivity and refractivity, thus these developments can be
expressed for multilayer systems including film of conductive materials (i.e. non-

transparent materials withe = &' +ig").
Viii TOTAL INTERNAL REFLECTION

We have excluded up to now the case where the refraction obtains an

imaginary value for the angle of refractiond,. It happens when the light is

propagated from a dense medium to another less dense medium so that:
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N _ [S2H2 4 (50)

_ I
N, =—
n Sy

and its incident angle is larger than critic angle &_given bysiné, =n,,.

When 6, =6,,sing, =1, then 6, =90°and the reflected light emerges in a
direction tangential to the interface. If &, is higher than &_all the incident light is

reflected into the first medium, a phenomenon known as total internal reflection.

Taking into account that 6, is a complex number (siné, >1), one can write:

sing, =" (51a)
n12
sin? 0,
COS 6, = =i ;-1 (51b)
r112

Substituting these equations into Fresnel’s equations, one can see for each

component that the intensity of light is totally reflected:

‘Er//‘:‘Ei/l‘ ‘Eu‘:‘EiL‘
(52)

However the electromagnetic field in the second medium does not disappear, it
only implies that there is no net flux of energy through the interface; thus one can
remember the phase that is the part variable written by the refracted and reflected

wave (equation (43) written by the refracted wave)
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. =w(t_r.sthw(t_x5|n9t+zcosetj (53)

vV,

Substituting equations (52) into the phase, the wave equation becomes:

nv, v, [ n,

exp(-iwr, )= exp(— i[t _Xsin6, Bexp[i oz |sin6 —1] (54)

This equation shows an aspect of the phenomenon of total internal reflection,
i.e.,, that an electromagnetic field in the incident plane extends beyond the

interface, this electromagnetic field decays exponentially in amplitude in the

depth of the second medium*™; the length of the amplitude decay at % IS given

by:

- % , %
I_:vz(sm 6, _1J :/Iz[smei_j (54)

*Only the sing negative in front of the square root is the signified physics. The positive sing
mean which the amplitude of the wave would infinitely increase in the form exponential while
it enter at the second medium.

“The interaction of the electromagnetic evanescent field with the medium start a number of
techniques known as Attenuated Total Internal Reflection (ATR) .
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APPENDIX 2

Electrons in Movement in a Metal

According to Drude s theory

iX INTRODUCTION

The discovery by J. J. Thomson, of the electron in 1897, has caused an impact
in the theories of the structure of matter and has proposed a structure of the
conductivity of the metals. After three years of the discovery by Thomson,
Drude’s theory was constructed for the electric and thermal conduction which is

the Kkinetic theory of the gas applied to the metals considered as an electron gas.

Drude’s theory [31] supposes that the electrons are immersed in a positive
uniform potential imposed by the immobile ions at the crystalline-lattice. By
considering that only during the collisions (with the ions or with other electrons)
are crated power on the electrons and the duration of the collisions are

insignificant.
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X EQUATION OF MOVEMENT OF THE ELECTRONS

The movement of the electrons is caused by a uniform power (electric or

magnetic) in the Drude model.

An electron taken at random at the instant t will cause a collision at the instant

t + dt with probabilityd%, where 7 is the relaxation time, conversely it will pass

a time dt without causing collision with probabilityl—d%. If the electron does
not undergo a collision it will evolve by the action of the uniform power which is
caused on him, because of spatially electric and magnetic uniform field, and it
will acquire a quantity of movement f(t)dt+O(dt)’. Let x(t) be as the

displacement of the electron at the instant t. The contribution to the displacement

of all the electrons that have not undergone a collision between tand t+dtis

represented by the product between the fraction (1—d%) and the average

displacement [x(t)+ f(t)dt +O(dt)2] of the electrons.

Then, if one eliminates the contribution to x(t + dt)of the electrons that are

caused by a collision between t and t+dt, one obtains:

x(t + dt) = (1— d;j(x(t)+ £ (t)dt + O(dt)? ) (1a)
Xt + dt) = x(t)- (‘fjx(m f (t)dt + O(ct ) (1b)

The adjustment equation (1), because of the electrons which cause a collision,

is of second order in dt. To see this one must first note that the electrons are

composed by a fraction d%. In addition, as the velocity and displacement has
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taken a random direction after each collision, each electron will contribute to the
average of the displacement x(t+dt) only if it has acquired a displacement
through the power action f from the last collision. Then the quantity must be

acquired by a time no higher than dt, thus it is approximately f (t)dt, thus the
correction is about (d%)f(t)dt which does not affect the lineal terms at dt.

Therefore, one can write:
x(t+dt)—x(t):—(dtjx(t)+ f (Ot + O(ct) @)

where the contribution has been taken by all the electrons. By dividing dt and
taking the limit when dt approaches to zero, it becomes:

&) __xt), ¢ (3)

This is an equation of movement of the electrons driven by a uniform power
according to Drude’s model, the equation establishes that the electrons impact the

ions and insert a term of attenuation in the equation of movement.
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Campos Opticos Libres de Difraccion”, XVLIII Congreso Nacional de Fisica
SMF, Guadalajara, Jalisco, del 17al 21 de Octubre 2005.

3. Hector Hugo Sanchez Hernandez, Gabriel Martinez Niconoff, Nicolas
Grijalva y Ortiz, “Analisis extremal de plasmones superficiales”, XLIX
Congreso Nacional de Fisica SMF, San Luis Potosi, del 16 al 20 de Octubre
del 2006.

4. Héctor Hugo Sanchez Hernandez, Gabriel Martinez Niconoff, Daniel
Rojano Guido,“Autoimagenes con ondas plasmonicas”, XLIX Congreso
Nacional de Fisica SMF, San Luis Potosi, del 16 al 20 de Octubre del 2006.

Participation in International Conferences

2. Héctor Hugo Sanchez Hdez. and Gabriel Martinez Niconoff, “Angular
Spectrum Model for Plasmon Fields”, SPIE Optics Photonics, 13-17 August
2006.
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2. Publications

2.1 National Conference Proceedings

1. Hector Hugo Sanchez Hernandez, Gabriel Martinez Niconoff, Daniel
Rojano Guido,“Autoimagenes con ondas plasmonicas”, XLIX Congreso
Nacional de Fisica SMF, XIX Anual AMO, San Luis Potosi, SLP. Optica HO-
01, 2006.

2. Hector Hugo Sanchez Hernandez, Gabriel Martinez Niconoff, Daniel
Rojano Guido, “Andlisis extremal de plasmones superficiales”, XLIX
Congreso Nacional de Fisica SMF, XIX Anual AMO, San Luis Potosi, SLP.
Optica OE-02 2006

3. Héctor Hugo Sanchez Hdez. and Gabriel Martinez Niconoff, “Angular
Spectrum Model for Plasmon Fields”, SPIE Optics Photonics, Proceedings of
SPIE, Volume 6323, Agu. 30, 2006.

2.2 International Publications

1. Gabriel Martinez Niconoff, J. A: Sanchez-Gil, Hector Hugo Sanchez and A

Perez Leija, “Self-Imaging and Caustics in Two-Dimentional Surface Plasmons
Optics”, Optics Communications, accepted [10 december 2007].
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