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Abstract: We propose and compare with experimental data a two-stage 
model of supercontinuum formation in a fiber for nanosecond-long pulse 
with intensities in 10W range. As a result of the first stage, the sea of 
solitons is formed. The second stage is spectrum modification because of 
Raman interaction. 
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1. Introduction 

The generation of supercontinuum (SC) in fibers obtained great attention after the 
demonstration of very broad SC in Photonic Crystal Fibers (PCF) [1,2] and tapered fibers [3]. 
Ultrasort fs-scale pulses are most commonly used for SC [4-9], however the SC generation 
was obtained also for ps pulses [10,11], ns pulses, [5,12,13] and even for cw pumping. For cw 
experiments different kinds of fibers were used: PCF [14,15], highly nonlinear fibers [16-18], 
and standard fibers [19]. Whereas the high peak power of ultrashort pulses is beneficial in SC 
generation in short fibers, relatively long (ns-scale) pulses and cw pumping are also discussed 
as an efficient and practical approach of the broadband signal generation. Various nonlinear 
processes are responsible for SC generation. For ultrashort pulses the Self Phase Modulation 
(SPM) play important role, the pulse breakup and intrapulse Raman scattering were also 
observed [1]. Numerical and experimental investigations have shown that both intrapulse 
Raman scattering and anti-Stokes generation occur early in fiber propagation [6]. It was found 
that the formation of the anti-Stokes component was not due to partially degenerate Four 
Wave Mixing (FWM). A detailed experimental study [8] of the behavior of 200-fs pulses in 
PCF has shown that Raman scattering leads to the breakup of higher-order soliton which is 
accompanied by the generation of radiation at shorter wavelengths. Also the bound soliton 
pairs in PCF were observed [20]. The cascaded stimulated Raman scattering (SRS) followed 
by the parametric FWM was reported in the experiment with 0.8-ns pulse [5]. For cw 
modulation instability (MI) was observed to seed spectral broadening and the interplay 
between MI and SRS was shown to play an important role in SC development [16,18]. The 
complexity of the detailed explanation of the SC relies on the fact that the interplay between 
the involved nonlinear processes is very sensitive to experimental conditions. Theoretical 
investigations of the SC generation are commonly carried out using the numerical solution of 
the nonlinear Schrodinger equation (NLSE) [6,21] and become prohibitively long for ns 
pulses. It is also important to note that it is difficult to get the physical insight in the process 
from numerical calculations. 
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We discuss approximations which permit to estimate spectrum widening in fibers with 
relatively long (1-100 ns range) and not very strong (typically, 5-50 W) input light pulses. Our 
approximation consists of two characteristic stages. The first stage is initial one when the 
pulse breaks into solitons mainly because of positive Kerr nonlinearity and anomalous 
dispersion. The power distribution of such solitons can be calculated with statistics of a long 
pulse breaking obtained in a well-known work of Zakharov and Shabat [22]. The next stage is 
interaction of solitons resulting from soliton collisions. Such collisions in a presence of 
Raman term lead to the amplification of more red-shifted soliton, and red shift in frequency of 
both solitons [23,24]. We consider this process in a framework of statistical model which 
takes into account interactions of different parts of the spectrum. The pulse is spread as a 
result of dispersion into the organized stream of solitons and background. The solitons, which 
are close spatially also have close frequencies. After this, the spectrum widening is caused 
mostly by the soliton self- frequency shift and it is drastically diminished in comparison with 
the second stage. We have measured the initial stage of the spectrum broadening in the fiber 
with anomalous dispersion pumped by 3-ns pulses. The experimental results suggest that this 
model gives a reasonable approximation for the spectra. Our results show, that the pulse width 
at nanosecond scale plays an important role in a spectrum widening, thus both small pulse 
width and cw simulations give only a part of total picture. 

2. Theory 

We consider the equation which describes pulse propagation in a fiber [25]: 

( )AATiAAiAiA tRtz

2222

2
∂−+∂−=∂ γγβ

   (1) 

were A is signal amplitude, z is the propagation length, t is time, β2 is second-order dispersion, 
γ is a nonlinear coefficient, and TR is the characteristic time for Raman effect. We analyze the 
equation in two stages. Initially, the pulse is smooth, its spectrum is narrow, and at the first 
stage the Raman term in a right-hand side of Eq. (1) is negligible because it is proportional to 
a derivative of intensity. By neglecting this term, we obtain the Nonlinear Schrödinger 
Equation (NLSE). For the second stage we include the Raman term. 

For NLSE it is known, that wide smooth pulses breakup practically completely into a big 
number of solitons (so called “sea of solitons”). Statistics of this breakup was found in [22], 
and it is based on the approximate semiclassical solution of associated scattering problem. 
The parameters of solitons which are formed upon propagation from a given initial pulse are 
found by finding isolated eigenvalues of Zakharov-Shabat scattering problem. The imaginary 
parts of these eigenvalues give soliton amplitudes, and their real parts correspond to soliton 
momenta. If the initial pulse is long and smooth, the eigenvalues are close to the imaginary 
axis, thus the solitons do not separate well under propagation. 

We discuss here the simplest case of a long nearly rectangular pulse. Denoting pulse 
amplitude as, A0 and its length as T, we have for the amplitude An of n-th soliton: 

( )2/)(cosh2 nn

n
n ttk

k
A

−
=

ρ
ρ .       (2) 

The parameter ρ is distributed approximately as 

22

222
04

Tk

n

k

A
n

πρ −=     (3) 

where 2/ βγ=k and tn are initial soliton positions. We do not consider the initial phases. 
Velocities of solitons are close to zero because real parts of scattering problem eigenfunctions 
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are close to zero. The total number of solitons is given by 1
0

2/1 −= πTAkN , and it is 

proportional to the pulse length, and the square root of intensity. The spectrum of the soliton 
set given by Eqs. (2) and (3) can be found by integration in a limit of a big soliton number and 
long distances between solitons. The result of the integration is presented in Fig. 1 by red line. 

The scaled frequency is used for which the maximal MI gain 
0 02 k Aω = is equal to 

( ) 11.122/ =π . The intensity was scaled to the maximum equal to one. The FWHM of the 
spectrum is equal to 1.2ω0. The biggest soliton which is formed has peak intensity four times 
bigger, than the intensity of initial pulse, and the distribution given by the Eq. (2) 
demonstrates that small solitons are less frequent, than big ones. The form of the spectrum in 
the scaled coordinates does not depend on the pulse power, fiber dispersion, and fiber 
nonlinearity because all these parameters are included into the scaled frequency. 

The solitons at formation have small velocities, thus initially they do not separate well by 
propagation, and remain inside the initial pulse. Thus, there is quite strong interaction between 
individual solitons, which leads to the spectrum modification. We compared the spectrum 
calculated from the statistical model of independent solitons with direct numerical simulations 
of Eq. (1), shown by points in the Fig. 1. For numerics we have taken the initial condition as 
constant amplitude with a small addition of white noise in a limited frequency band. The 
equations were solved with a split-step method [25], which corresponds to periodic in time 
solution. The solution was run for a long enough distance, and average values for spectra with 
different realizations of initial noise were taken. The simulation demonstrates that the 
spectrum in comparison to that one of independent solitons is modified mainly in a low-
frequency region, where narrow peak appears. There is also some spectrum modification 
around the MI band. For the second stage of the spectrum widening, the form of high-
frequency tail is important, and for it the simulation and approximation of independent 
solitons agree quite well. 

From the associated eigenvalue problem it is possible to determine the number and 
parameters of solitons which emerge, but the scattering problem solution does not say which 
propagation distance is necessary for soliton formation. This distance has to be of an order of 
some MI lengths, and depends weakly on initial noise level. 
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Fig. 1. The spectrum of a sum of solitons according to Zakharov-Shabat 
statistics of soliton sea (red line), and the result of numerical simulation for 
breakup of a long pulse with initially small white noise (blue circles). 
Approximately 18 solitons are formed. It is seen, that the high-frequency tail 
is well described by a spectrum resulting from the superposition of 
independent solitons. 
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At the second stage the Raman effect is included. When the first stage is finished, the 
soliton sea formation is complete. Now, there is a collection of individual solitons, and the 
spectrum is enriched to width equal approximately to the wavelength difference between the 
MI maxima. The spectrum has exponentially decaying tails. Individual solitons in medium 
with Raman nonlinearity have self-frequency shift which is determined by Raman 
amplification of smaller frequencies inside an individual soliton. The experimental data and 
numerics demonstrate that such shift can be important for intermediate stage between the 
formation of the soliton sea and the second phase. However, for solitons with different central 
frequencies, the interactions between different solitons are more important. In fact, the 
frequency differences between solitons are bigger, than inside individual ones, thus the 
Raman term due to interference is bigger than the term resulting from individual soliton 
shape. With Raman nonlinearity present, the solitons do not just pass one through another. 
After each collision, the soliton with a bigger red shift becomes bigger, and both solitons gain 
additional red shift [23,24]. Apart from this, after each collision, some part of the total energy 
is lost to a non-soliton background. 

Instead of soliton-soliton interaction we consider for a second stage a simple model 
derived directly from the Eq. (1). To obtain it, we act similar to the approach of so called 
weak optical turbulence [26]. First, we express the wave function in terms of its Fourier 
spectrum. 

∑=
ω

ωω )exp(),(),( tizAztA .     (4) 

With Eqs. (4) and (1) we get for the evolution of the intensity at a given spectral 
component the expression (we omit the explicit z-dependence of spectrum): 
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We note, that if spectral components at different frequencies are not correlated, then 
phases of products at the right-hand side are generally random, and the most important 
contribution is obtained for a degenerate interaction, when ω1 = ω, or ω2 = ω

ωω=1

. For this to be 
true, the difference between frequencies (i.e. the total spectrum width) has to be bigger than 
the spectral width of participating solitons. Such approximation can hold for a developed 
Raman stage. If only degenerate interactions are taken into account, the Eq. (5) is written (we 
change a sum into an integral) as 
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Where 2
),( zA ω  is the intensity of the spectrum component. Note, that in this approximation 

the Kerr nonlinearity does not result in a spectrum spreading; this is true if characteristic 
frequency differences are bigger, than the modulation instability limit frequency. The Eq. (6) 

conserves the total power ∫= 2
)(ωω AdE . 

The Eq. (6) with an initial condition 
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For Eq. (7) to hold, it is necessary for the intensity spectrum to diminish quite rapidly with 
frequency, and for big z the formal solution of Eq. (7) will finally transfer the spectrum to a 
low-frequency region. This is related to the fact that the Raman amplification is most 
important for big frequency difference. To avoid this, we were limiting initial spectrum width 
to 100 nm, which is approximately the maximum of Raman amplification spectra. 

For a short pulse, after the spectrum is enriched by Raman interaction, the red spectral 
components will be separated at one end of the pulse, and blue ones at another. This will 
spread the pulse, diminish a local spectral range, and diminish further frequency spreading of 
a spectrum. We model this situation by separating initial pulse into sections, which are much 
longer than individual solitons, but much shorter than a total pulse length. In each section with 

number P we have its own spectral distribution ),( zIP ω . Along propagation, spectral 
components travel with different frequencies, determined by the second-order dispersion, thus 

we modify after each step dz, the ),( zIP ω  according to the values of ),(1 zIP ω±  and the 
frequency value. The net result is the spreading of initial pulse, and diminishing of spectrum 
enrichment when spectral components are separated along the pulse. At the final of the second 
stage one can expect the formation of strongly red-shifted solitons with intensities higher than 
the four-time initial power characteristic of the first stage. 
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Fig. 2. The developing of the spectra with fiber length calculated from Eq. 
(7); (a) for 3 ns pulses and (b) for 12 ns pulses. Fiber parameters are close 
to those used in experiment. 
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Figure 2 shows the typical solution spectra for 3-ns pulses, Fig. 2(a) and 12-ns pulses Fig. 
2(b). The spectrum for L = 0 represents the initial condition. The pulse power was 10 W. We 
have taken as an initial condition the spectrum of a single soliton with an adequate width, but 
similar results are obtained for other realistic initial distributions. The spectra were scaled to 
have the area under curves proportional to the pulse energy. Both figures show similar 
behavior of the spectrum. First the spectrum moves to the longer wavelength, then the flat part 
appears. The flat part spreads to longer wavelength while the fiber length increases. However 
for the 12-ns pulse the flat part is longer than that for the 3-ns pulse. For long pulses, Raman 
amplification for long wavelength components becomes very strong, that finally transfers all 
energy of pump into a Stokes component with wavelength shift determined by the maximum 
of the Raman amplification. In the approximation that the Eqs. (6) and (7) give this means that 
after some propagation length the spectrum moves to strongly red-shifted region. Fig. 2(b) 
shows that the growth of the spectrum intensity for 14-km fiber begins at 100-nm of the 
wavelength shift. However the Eq. (1) supposes the linear growth of the Raman amplification 
with the wavelength shift that it is not valid for long wavelength shift and one has to use the 
equation in more general form to investigate this part of spectrum. 

Finally, when solitons are well separated, the only effect leading to spectrum enrichment 
can be self-frequency shift of individual solitons. This is expected to be much slower than the 
spectrum widening at the second stage. The model does not predict, how much of the initial 
intensity will remain in a form of solitons. (In fact, the soliton-soliton collisions with Raman 
perturbation produce non-soliton components as well.) 

3. Experimental results 

The experiments were made using the SMF-28 fiber with dispersion D equal to 20 ps/nm-km 
and the core area equal to 81 µm2. Pulses were generated by directly modulated DFB laser and 
amplified by the two-stage EDFA. The experimental setup is similar to that described in [27] 
were the broad band spectrum generation by 3 ns and 30 ns pulses was investigated. In 
particular it was found that for 3 ns pulse the flat spectrum was generated. The spectrum did 
not show any maximum at the wavelength shift of the Raman amplification maximum. But for 
the 30-ns pulses the Stokes generation at 1660 nm was observed. That corroborates with the 
results shown in the Fig. 2. In this paper we focused on the initial stage of the spectrum 
formation at respectively low power. The second stage of the model supposes that the most 
part of solitons are still within the time slot defined by the initial pump pulse. For this the 
delay between the spectral components has to be less than the pulse duration. The fiber length 
respectively has not to be too long. 

Figure 3 shows spectra measured at the end of the fibers in the length range between 100 
m and 8 km; 3-ns pulses were used. 
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Fig. 3. Comparative spectra at two fixed powers for series of length between 
100 m and 8.0 km; (a) the pulse power is 6 W, (b) the pulse power is 10 W. 

 
Figure 3(a) shows results for 6-W pulses. For 100-m fiber and for 210-m fiber no 

nonlinear broadening of the spectrum is observed. The line width in this case is defined by the 
monochromator resolution. For 600-m fiber the MI peaks appear. The wavelength difference 
between the peaks is equal to 2.2 nm. Analytically calculated shift of the MI amplification 
maximum [25] is equal to 1.08 nm for the fiber with nonlinearity 11 59.1 −= kmW -γ  and 

dispersion kmps / 25 2
2 =β . For the 1.6-km fiber the spectrum becomes similar to that 

shown in the Fig. 1 with FWHM equal to 1.14 nm. If we consider that the spectrum width is 
defined mostly by the highest solitons, we can estimate that the highest solitons have power 
about 10 W or two times higher than the input pulse. For the 4.5 km the spectrum is still very 
close to symmetrical one with FWHM equal 2.07 nm that gives the power of the highest 
soliton equal to 32 W or 5 times higher than the input power. These values are close to the 
theoretical results showing that the biggest soliton has four times higher peak intensity than 
the input pulse. Those are only rough estimation taking into account the quadratic dependence 
of the soliton power on its width and the fact that the resolution of the monocromator equaled 
to 0.4 nm is not sufficiently good. The 8-km fiber demonstrates a well defined red shift of the 
spectrum. For 10-W pulses the behavior is similar, see Fig. 3(b). The MI side lobes appear for 
the 210-m fiber with wavelength shift between them equal to 3.7 nm. FWHM width of the 
spectrum for the 1.6-km fiber is equal to 1.54 nm that gives the power of the biggest soliton 
equal to 58 W, i.e. approximately four times higher than the input power. For longer fiber 
lengths the red shift appears. It is interesting to note that if we take the soliton with power 
equal to 58 W and launch it to the fiber with loss equal 0.2 dB/km the calculated shift caused 
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by soliton self frequency shift is only 2.5 nm. However in experiment we see the spectral 
broadening for the 8-km fiber which is more than 25 nm. This strong red shift agrees with the 
theoretical consideration of the Raman shift at soliton-soliton collisions. 
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Fig. 4. Comparison between experimental and Zakharov and Shabat 
spectra; (a) 6-W pump and 4.5-km fiber; (b) 10-W pump and 1.6-km 
fiber. 

 
Figure 4 shows the theoretical and experimental spectra depicted in the same scale to 

make the comparison between Zakharov and Shabat spectrum and experimentally measured 
spectrum. The experimental spectra are folded so the “blue” part and “red” part of the 
spectrum appear in the same quadrant. We did this to see asymmetry of the experimental 
spectrum. To make scaling of the experimental data we used experimentally measured shift of 
the MI maxima equal to 1.1 nm and 1.85 nm for 6 W and 10 W respectively. The 
experimental spectrum is very similar to the theoretical one for 6-W pump. For 10-W pump 
the asymmetry appears and the “red” shift can be seen. 

The increase of the fiber length at 10-W power results in gradual growth of the “red” tail, 
however the central part of the spectra remains to be similar to the Zakharov and Shabat 
spectrum, see Fig. 5. 
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Fig. 5. The growth of the red tail with fiber length for 10-W pump pulses; 
(a) for the 4.5 km fiber and (b) for the 8-km fiber. 

4. Conclusions 

The presented two-stage model qualitatively well describes the experimentally observed 
spectrum behavior, giving good estimations of spectral shape and width upon propagation. 
Two stages are clearly observed in the experiment. At the first stage, the pulse breaks into 
solitons, with statistics described by a semiclassical approximation to Zakharov and Shabat 
scattering problem. At this stage the spectrum is symmetric and has a characteristic width of 
modulation instability band with exponentially decaying tails. At the second stage, the 
spectrum, enriched at the first stage, expands to the red region because of Raman 
amplification of red-shifted parts of a spectrum. The process can be alternatively regarded as 
collisions of solitons with different central frequencies with modification of their amplitudes 
and central frequencies. The form and width of resulting spectra are reasonably well described 
by the suggested model given by Eqs. (6) and (7). The advantage of presented model is its 
simplicity. Different of the direct numerical solution of Eq. (1), the model permits intuitive 
understanding of underlying processes. Both short-pulse simulations, and continuum wave 
simulations are not adequate for nanosecond pulses, and the pulse width in this range affects 
spectrum enrichment parameters. 
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