1456  OPTICS LETTERS / Vol. 34, No. 9 / May 1, 2009

Efficient generation of an arbitrary nondiffracting
Bessel beam employing its phase modulation
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We report a highly efficient method for generation of any high-order nondiffracting Bessel beam employing
a phase hologram whose transmittance coincides with the phase modulation of such a beam. It is remark-
able that the Bessel beam generated by this hologram, at the plane of this device, has peak amplitude higher
than the amplitude of the beam employed to illuminate it. © 2009 Optical Society of America
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The generation of complex fields with diffractive
techniques has been investigated for several decades.
These techniques employ a spatial light modulator
(SLM), in which a complex field distribution is codi-
fied. Unfortunately, nowadays no SLM exists in
which the phase and the amplitude of a light wave
can be modulated independently. Therefore, all tech-
niques developed so far codify a complex field employ-
ing an amplitude modulation or a phase modulation
exclusively. Since the invention of nondiffracting
beams [1], their generation through diffractive and
holographic methods has drawn the attention of sev-
eral researchers [2—-11]. Here we report a highly effi-
cient method for generation of an arbitrary high-
order nondiffracting Bessel beam employing a phase
hologram (PH) whose transmittance coincides with
the phase modulation of such a beam. The Bessel
beam is generated by a simple spatial filtering opera-
tion at the Fourier domain of the PH. In general, if a
complex beam is generated with a conventional PH,
its peak amplitude at the plane of this device is
smaller than the amplitude of the light beam em-
ployed to illuminate it. Thus, conventional holograms
generate complex beams with relatively low efficien-
cies. In contrast, the proposed hologram generates
nondiffracting Bessel beams, of arbitrary order, with
peak amplitudes that are larger than the amplitude
of the input beam.

The complex amplitude of the Bessel beam that we
desire to generate is J (2war)exp(iqf), where J, is
the qth order Bessel function of the first kind, » and 6
are polar coordinates, and « is the beam radial fre-
quency. We assume that this function will be gener-
ated within a circular pupil of radius R. For conve-
nience we employ the normalized radial coordinate
&=r/R to express the complex amplitude of the
Bessel beam as

By(£,0) =J (2maR{)exp(iqb) (1)

that must be limited by the circular pupil of unitary
radius p(§) =circ(é€). The PH proposed to generate the
beam B,(¢, 6) is given by

hy(§,6) = sgn[d,(2maR§)]exp(iq ), (2)
where sgn denotes the signum function. Since the
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factor sgn[J (2maR¢)] at the right side of Eq. (2) is a
binary phase function with possible phase delays 0
and 7, the PH transmittance A,(¢, ) is also a phase
function. The function f(§)=sgn[J, (2maRé)] can be
expressed, in the domain (0,1) of the coordinate &, by
the superposition of functions f(§)=32,b,J,(\,§), per-
formed for integer numbers n =1 [12], in which \,, is
the nth positive root of JJ,(x), ¢ is an arbitrary but
fixed integer number, and b,, is the weighting factor,

2 1
bn = mfo xf(x)Jq()\nx)dx (3)

Considering the above representation of f(¢), the PH
transmittance [Eq. (2)] can be expressed as

©

ho(£6) = 2 bud s\ E)expliq ). (4)

n=1
Now, let us assume that the relation
2maR =\, (5)

is satisfied for a chosen root \,,. Thus the mth term of
the series in Eq. (4), J,(\,,é)exp(iq6), corresponds to
the encoded Bessel beam defined in Eq. (1), with a
weighting factor b,,. It is noted that the mth root of
this encoded beam appears at the edge of the pupil of
radius R in such a way that this pupil contains m
rings of the beam. The encoded beam can be recov-
ered alone by employing an annular spatial filter
(SF) of radius « in the Fourier domain of the PH.
Considering that Eq. (5) is satisfied, it is found that
the product f(x)J,(\,,x) is positive everywhere, except
at its zeros. Therefore, the coefficient b,, is much
larger than any other coefficient of order n#m. In
particular, it is shown that the coefficients b,, present
values higher than unity. This fact is illustrated in
Fig. 1, where the values of coefficient b,, for the beam
orders ¢=0, 2, and 4 and several values of m are dis-
played. In connection with this last result it is found
that the encoded beam (of order m) in Eq. (4) pre-
sents peak amplitude larger than the amplitude of
the hologram itself (that by definition is equal to 1).
This remarkable result does not contradict energy
conservation, because the addition of complex ampli-
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Fig. 1. Coefficients b,, for several values of index m. The
order g of the codified Bessel beams are equal to 0 (tri-
angles), 2 (circles), and 4 (squares).

tudes of all the beams that compose the PH [Eq. (4)]
has a unitary modulus at every point of the PH. As a
consequence of this feature of the PH, the encoded
beam is reconstructed with a remarkable high effi-
ciency. This efficiency is computed as the power P,,,
of the encoded beam b,,J,(\,,§)exp(iqf), normalized
by the power P, of the hologram field 4,(¢, 6). Both
powers are computed in the circular domain of uni-
tary radius at the hologram plane (£, 6). Expressed in
polar coordinates, this efficiency is obtained as

27 1 1
Tm = P! fo fo &brd s\ dEd 0= 207, fo TG0\, 0 dE.

(6)

The double integral in Eq. (6) represents the power of
the encoded beam. The result in Eq. (6) is obtained by
integrating the double integral in the coordinate 6
and considering that P,=m. The values of 7,,,, for
several indices g, and m, are depicted in Fig. 2. Simi-
lar efficiency values, greater than 0.7, are obtained
for different combinations of indices ¢ and m.

Now, we illustrate the procedure required to gener-
ate the encoded beams, with the proposed hologram,
by means of numerical simulations. As example we
consider the PHs that encode the beams B;(¢,06)
=J1(\10é)exp(i6) and By(&, ) =J5(N1pé)exp(i26), where
1o denotes the tenth root of either /;(x) or J5(x), for
the respective cases. For numerical computations,
the encoded beams and their PHs A(&, 6) and hy(€, 6)
are sampled with resolution 66=1/128. The phases of
the encoded beams, which correspond to the phases
of the PHs, are depicted in Fig. 3. In Fig. 4 we show
the normalized Fourier spectra modules of the PHs
hi(&,0) and ho(¢,0), respectively. For each one of
these spectra, the different rings with increasing ra-

0.77

a

£
=2
= ¢ \ﬁi\(
0.73 4
g\&“ea\_;;?‘_m
v
0.1 8 14 20

m
Fig. 2. Efficiencies 7,,, of the PHs that encode the Bessel
beams J,(\,éexp(igh), for beams orders g=0 (triangles),
q=2 (squares), and g=4 (circles).
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Fig. 3. Phases of the holograms that encode the beams (a)
B1(&,0)=J1(\oé)exp(i6) and (b) By(¢&, 6) =J3(\10é)exp(i20).

{a) (b)

Fig. 4. Fourier transform amplitudes of the PHs shown in
(a) Fig. 3(a) and (b) Fig. 3(b).

dii correspond to the spectra of the different terms in
Eq. (4), with increasing radial frequencies. The most
brilliant rings in these spectra correspond to the
tenth-order terms in the series expansions. This re-
sult confirms the dominant role of the mth term, cor-
responding to the encoded beam. Continuing the nu-
merical simulation, each PH Fourier spectrum is
spatially filtered by an annular pupil that transmits
only the light of its most brilliant ring. The modules
of the fields reconstructed by Fourier transforming
the light transmitted through the annular pupil, in
the two cases, are shown in Fig. 5.

We implemented experimentally the PHs that en-
code the Bessel beams B (¢, 0)=J(\pé)exp(if) and
By(¢,0)=Jy(Npé)exp(i26), described in the numerical
simulations, employing the reflective phase SLM
1080P of Holoeye Photonics AG. The Bessel beams
are generated using the setup depicted in Fig. 6,
where the SLM is illuminated by a collimated He—Ne
laser beam (A =633 nm) that is conditioned by a beam
expander (BE). For this illumination, the SLM pro-
vides phase modulation of 27 radians with 160 non-
uniform steps. We employ a quasi-normal incidence
of this input beam to the SLM to avoid the inconve-
niences of using a cube beam splitter. The PHs that
encode the complex fields B;(&,0) and Bsy(&,60) are
implemented within a circular pupil whose radius is

(a) (b)

Fig. 5. Amplitudes of the reconstructed fields obtained by
filtering the most brilliant rings in the Fourier spectra of
(a) Fig. 4(a) and (b) Fig. 4(b).
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Fig. 6. (Color online) Experimental setup employed for the
generation of nondiffracting Bessel beams.

(a) (D)

Fig. 7. Experimental Fourier transform amplitudes of the
PHs that encode the beams (a) B1(¢, ) =J1(\oé)exp(i6) and
(b) By(§, 0)=eJo(\1p&)exp(i26).

equal to 220 pixels of the SLM. To avoid a strong
zero-order peak in the PHs’ Fourier spectra, owing to
the first surface reflection in the SLM and other im-
perfections of this device, we implemented off-axis
versions of the PHs, by modulating their transmit-
tances with a linear phase factor. The amplitudes of
the experimentally generated Fourier spectra of the
PHs are shown in Fig. 7. These spectra are generated
by the Fourier transforming lens L;. We recorded a
slightly overexposed image of these spectra, to en-
hance the inner rings. With the same purpose, we
have displayed the amplitudes instead of the intensi-
ties of these Fourier spectra. It is noted that the most
brilliant ring in each one of these spectra is the tenth
ring, which corresponds to the encoded beam. An an-
nular SF is employed to transmit only the most bril-
liant rings of the PHs’ spectra. The field transmitted
by the SF is Fourier transformed by the lens L, that
generates the field encoded by each PH. The intensi-
ties of the experimentally generated fields B;(¢,6)
and By(&,0) are recorded at the back focal plane of
lens Ly by a CCD camera. The amplitudes of the ex-
perimentally generated fields, obtained from the digi-
tized intensities, are shown in Fig. 8.

{a) (b)

Fig. 8. Amplitudes of the experimentally generated fields
(@) By(§,0)=J1(\pdexp(if), and (b) By(¢,0)=J3(N\10d)
Xexp(i26).

In summary, we have discussed a PH for encoding
an arbitrary nondiffracting Bessel beam, whose
transmittance coincides with the phase modulation
of the beam itself. We established that the peak am-
plitude of the encoded beam is higher than the holo-
gram amplitude, in the plane of this device. This re-
markable feature of the PH enables the generation of
the encoded beam with high efficiency. The numerical
simulations and experimental results provide a sat-
isfactory validation of the proposed holographic
method.
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