Zero order synthetic hologram with a sinusoidal
phase carrier for generation of multiple beams
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Abstract: We discuss a phase synthetic hologram, for encoding arbitrary
complex fields, whose design is based on a sinusoidal phase grating with a
spatially modulated phase depth. An important feature of the hologram is
that it encodes the complex field at the zero diffraction order of the carrier
grating. The smoothness of this sinusoidal carrier grating facilitates the
implementation of the hologram with a pixelated spatial light modulator.
We take advantage of the hologram reconstruction at the zero-diffraction
order for the simultaneous generation of a collection of complex beams.
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1. Introduction

Transformation of a laser beam into an arbitrary complex field is required in several optical
applications, e. g. atom optical trapping and guiding [1, 2], photonic lattices [3], and optical
processing [4,5]. This transformation can be performed, in a robust and versatile way, by
means of synthetic phase holograms (SPHs) [6-12]. Recently we reported [12] two SPHs that
encode a complex field in the first diffraction order of a sinusoidal carrier grating. These
SPHs show a relatively smooth spatial variation of phase modulation, which facilitates its
accurate implementation with an electrically addressable spatial light modulator (SLM). Here
we discuss a SPH that also employs a sinusoidal carrier, for which the encoded complex field
appears at the zero order of the hologram Fourier series. We show that this hologram is useful
for the appropriate generation of a collection of different complex beams. When the SPH is
implemented with a pixelated SLM, the available spatial frequency bandwidth for encoding
the complex beams is relatively small. In order to make an efficient use of this limited SLM
bandwidth, the beams are generated in such a way that they propagate on axes that are
symmetrically arranged around the optical axis. In other words, the Fourier spectrum of the
collection of beams appears centered at the axis of the spatial frequency domain.

2. The zero order synthetic phase hologram: Basic theory

It is assumed that the hologram is applied for encoding a scalar complex field
s(x, y) = a(x, y) exp[ig(x, y)], 6]

whose amplitude a(x,y) and phase ¢(x,y) take values in the real domains [0,1] and [-7t,7]
respectively. In order to specify a phase hologram encoding the complex field s(x,y), we first
obtain a phase hologram, #,(x,y), which only encodes the amplitude a(x,y), and then we
determine the SPH transmittance

h(x,y) = h, (x, y) explig(x, y)], (€3]

for encoding the complex field s(x,y). The transmittance of the SPH that we propose to encode
the amplitude a(x,y) has the form

h, (x, y) = exp{if (a) sin[ 27 (1 x+ v )]} (3)

This SPH is essentially an oblique sinusoidal phase grating, whose phase depth is spatially
modulated by the factor ffa(x,y)]. In order to determine this phase modulation we employ the
Jacoby-Anger identity to express the hologram transmittance by its Fourier series

hy (x,9) = D Lf (@] expli2z(qugx+qvoy)l, )

g=—0

where J, represents a q-th integer order Bessel function of the first kind. The amplitude a(x,y)
can be encoded with the zero order term of this Fourier series by assuming that the identity

Jolf (a(x, yNl=a(x,y), ®)

holds for every point (x,y) where a(x,y) is defined. The fulfillment of this relation, which is
referred to as the encoding condition, is ensured by obtaining f{a) from the numerical
inversion of Eq. (5). According to Eq. (2), the zero order phase hologram that encodes the
complex field s(x,y) is given by

h(x, y) = explig(x, y)] explif (@) sin[ 27 (uox + v )1} (6)

This SPH does not require a structured cell to encode each pixel of the complex field, thus it is
classified as a point-oriented hologram [13]. In general, if a hologram is implemented with a
pixelated SLM it is convenient to design it using a point-oriented approach. The SPH
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transmittance in Eq. (6) represents the main result reported here. This SPH shows some
similarities with the holograms reported in Ref. [12]. However, the phase modulation of the
SPH transmittance in Eq. (6), given by ¢(x,y)+fla(x,y)]sin[2m(upx+vyy)], is essentially
different to the phases of the SPHs discussed in Ref. (12) (see Eqgs. (9), (12) and (16) of this
cited paper). For the SPH specified in Eq. (6) the encoded complex field appears at the zero
order of the SPH Fourier series. This feature represents an essential difference with the SPHs
discussed in Ref. (12). A different zero order point-oriented SPH, based on a binary high
frequency carrier, was reported in Ref. [11]. The performance of this last hologram, tested in
numerical simulations, is quite satisfactory. However, its realization with an electrically
addressable phase SLM tends to be deficient because of the difficulty that this device shows
for implementing high frequency binary carriers. The effect of this difficulty is reduced by the
use of a smooth carrier grating, in the zero order SPH specified in Eq. (6). To ensure the
carrier smoothness in this hologram, the carrier frequencies (uy,vy) must be smaller than the
spatial frequency bandwidth of the SLM employed to implement it. Obviously, this condition
imposes a limit to the bandwidth of the fields that can be accurately encoded by this
hologram.

A generalized form of the zero-order SPH defined in Eq. (6) can be, in principle, obtained
by replacing the sinusoidal carrier function by other periodic functions. However, among the
different choices, the SPH with sinusoidal carrier has the remarkable feature of a g-th order
term in its Fourier series given by the factor J,[f{a)]expli¢(x,y)]. As a consequence, the power
content of the high order SPH terms shows a fast reduction with the order g. This is an
advantage when the SPH is implemented with a pixelated SLM, because the high order terms
that appear mounted to the zero order in a pixelated SPH, will introduce a relatively low noise
amount. If the employed SLM has resolution dx and the carrier frequencies are uy=vo=Au/Q,
where Au=8x" is the SLM spatial frequency bandwidth, only the high order terms with
indices multiple of Q appear mounted to the zero order term [12].

3. Application of SPHs for generation of multiple complex beams

The SPH specified in Eq. (6) will be numerically evaluated next as a tool for the simultaneous
generation of multiple complex beams. This task is possible because the complex function to
be encoded [Eq. (1)] can be the result of superposing a collection of complex functions, within
a common support. We also assume that the beams corresponding to these complex functions
propagate at different axes, which form small angles respect to the z-axis. Thus, such complex
functions must be modulated by different linear phase carriers. As initial example we simulate
the encoding of the complex field

51 (x,y)=c J,2apyr) exp(if) [cos(27&, y) + bcos(2rn, x)] . (@)

For simplicity, the complex amplitude of this field is specified using both rectangular (x,y)
and polar (r,6) coordinates. The complex field s;(x,y) is equivalent to 4 first-order non-
diffracting Bessel beams of radial spatial frequency py, with different amplitudes and
propagation axes. Two beams, generated by the factor cos(27&yy), propagate on axes lying on
the plane y-z, and the other two beams, generated by the factor cos(27znyx), propagate on axes
lying on the plane x-z. The constant ¢ performs the normalization of the whole field s,(x,y).
The field s,(x,y) is defined within a circular pupil of radius R=1280¢x, in such a way that the
first positive root of the Bessel function J,[27pyr] appears at the edge of this pupil. The
spatial frequencies for the cosine carriers of beams are &=1y=4u/24.

We are presently studying the nonlinear interaction of the multiple beams that compose
the complex field defined in Eq. (7) and variants of it [14]. The advances in this task are not
reported here. In this context it is required that the beams propagating in the x-z plane show
relatively low amplitudes. These amplitudes are controlled by the constant b, which in the
next simulation is adopted as b=1/10. The holographic generation of multiple complex beams,
including several low intensity beams, with low noise levels is challenging, due to the

#105592 - $15.00 USD  Received 19 Dec 2008; revised 29 Jan 2009; accepted 6 Feb 2009; published 10 Feb 2009
(C) 2009 OSA 16 February 2009/ Vol. 17, No. 4/ OPTICS EXPRESS 2665



multiple high order terms of most holograms. This difficulty is even greater for SPHs
implemented with pixelated SLMs, for which the number and spatial density of high order
noisy terms are substantially increased [12,15]. The modulus and phase of the complex field
s1(x,y), together with the modulus of the Fourier spectrum of this field, are depicted in Fig. 1.
We display the modulus instead of the intensity of the field Fourier spectrum in order to show

appropriately the low amplitude features.
() )

T 1

—n 0

Fig. 1. (a). Modulus and (b). phase of the complex field s;(x,y), and (c). modulus of its Fourier spectrum.

Let us assume that the SPHs are implemented using a pixelated phase SLM. The SLM
bandwidth is Au=1/8x, where 6x denotes the SLM spatial resolution. We assume, for the
moment, that the spatial frequencies of the sinusoidal hologram carrier are uy=vo=Au/4. The
SPH of the field s,(x,y) is computed with Eq. (6). A partial view of the SPH Fourier spectrum
modulus, depicted at Fig. 2(a), shows the central 4 spots, corresponding to the encoded beams
in the complex field s;(x,y), and other spots that correspond to several high order terms of the
SPH. A close view of the 4 central spots, centered at the origin of the spatial frequency
domain, is depicted in Fig. 2(b). A deficiency in this spectrum is found in the different
amplitudes of the two weak doughnut shaped light spots along the horizontal central axis. This
deficiency is clearly noted comparing the amplitude profiles (along the horizontal axis) of the
weak spots in Figs. 1(c) and 2(b). These profiles are respectively shown in Fig. 3(a) and Fig.
3(b). The amplitude asymmetry of the weak spots in Fig. 2(b) is originated in high order
spectra terms, due to the pixelated hologram structure, that introduce noise contributions to
the central region of the SPH spectrum field. A solution of this deficiency, in this particular
case, is found by adopting new SPH carrier frequencies uy=vo=Au/4+Au/32, which avoids the
perfect coincidence of the more significant high order contributions at the positions of the
field spectrum spots. The SPH beam spectra spots obtained with these modified carrier
frequencies, depicted in Fig. 2(c), presents an improved amplitude balance of the weak light
spots. This improvement is evidenced in Fig. 3(c) that shows the amplitude profile of the
weak spots of the spectrum in Fig. 2(c).

(a) 1 b _ ©
1
® |
os . . 05
®
: 0 ' 0

Fig. 2. Fourier spectrum modulus of the SPH that encodes the field s;(x,y): (a) central section
and several high orders of the spectrum, (b) close view of the central spectrum region, and (c)
central spectrum region for a modified SPH, with new carrier frequencies uy=vo=Au/4+Au/32.
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Fig. 3. Amplitude profiles along the horizontal axis of the weak spots in the Fourier spectra
corresponding to (a) the encoded field s;(x,y), (b) the SPH with carrier frequencies
uo=vo=Au/4, and (c) the SPH with carrier frequencies uo=vo=Au/4+Au/32.

As second example we consider the complex field
sy(x,y)=c [J,2rpyr) cos(2néy y +8)+bcos(2rn, x)]. ®)

This field is formed, on the one hand, by two first-order non-diffracting beams, with
topological charges of opposite signs, propagating in the y-z plane, and two attenuated plane
waves that propagate in the plane x-z. The attenuating factor for these waves is again b=1/10.
Other different parameters for this encoded field is a support of radius R=4385x and beams
carrier frequencies &=1,=Au/48. We assume again that the first root of the function
Ji[27mpyr] appears at the support edge and that the hologram frequency carriers are given as
u;=vo=Au/4+Au/32, which correspond to the optimized values in the previous example. In this
case we will assume that both the encoded field s,(x,y) and its SPH are additionally
modulated by a Gaussian factor of radius w=0.6 R. The purpose of this factor is to enable a
fair comparison of the numerical results with the experimental implementation of the SPH, to
be performed in section 4. In Figs. 4(a) and 4(b) we show the modules of the complex field
$»(x,y) and its Fourier spectrum. The SPH that encodes the complex field s,(x,y), computed
with Eq. (6), presents a Fourier spectrum modulus, whose central region, depicted in Fig. 4(c),
is indistinguishable from the Fourier spectrum of the encoded field s,(x,y). This is an
indication of the high SPH performance.

1 d [ K
® |
05 0.5
|
o |
0 0

1

0.5
0
Fig. 4. Modulus of (a) the complex field s,(x,y), (b) modulus of its Fourier spectrum, and (c)
Fourier spectrum modulus of the SPH that encodes the field sx(x,y).
Another complex field that we encode with a SPH is
s3(x,y) =c [JoQRrpyr) cos(2né, y)+bcos(2rn, x)]. O]

Most of the comments specifying the field s,(x,y) and its SPH are also valid to specify the
complex field s3(x,y) and its hologram. The main difference is that the first-order non-
diffracting beam is replaced by a zero-order Bessel beam. In addition, the spatial frequency py
is determined in order that the edge of the field support coincides with the 5-th root of the
function Jy[2 mpyr]. It is also assumed in the present case that the encoded field and its SPH
are modulated by the Gaussian factor already employed in the previous simulation. Figure 5
shows the modules of the complex field s3(x,y), and its Fourier spectrum, together with the
modulus of the SPH Fourier spectrum. Again, the central region of the SPH spectrum
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corresponds quite well with the spectrum of the encoded field, indicating a high SPH
performance. This high quality SPH reconstruction has been enhanced again by the use of
corrected SPH carrier frequencies uy=vo=Au/4+Au/32, instead of the originally proposed
frequencies uy=vo=Au/4. A general and detailed study of this carrier frequency optimization,
for the discussed SPH, is out of the scope of the present study.

b

(b) ©)
1 1 [ K
O o |
05 o 05 o ° 0.5
|
O O |
0 0 | 0

Fig. 5. (a). Modules of the complex field s3(x,y), and (b) of its Fourier spectrum. (c) Fourier
spectrum modulus of the SPH that encodes the field s3(x,y).

In order to generate the complex fields defined in Eqs. (8) and (9) we perform an
appropriate spatial filtering of the Fourier spectra of the corresponding SPHs. This filtering
allows the transmission of the spectrum substructures that correspond to the beams composing
each one of the encoded complex fields, and blocks the light spots that corresponds to the high
order hologram terms. The encoded complex fields are obtained by performing the Fourier
transform of the field transmitted by the spatial filter. The complete optical setup is depicted
in Fig. 6 of section 4. At the output plane of this setup, all the beams that compose each one of
the encoded complex fields appear within a common pupil, forming the interference patterns
depicted in Figs. 4(a) and 5(a). The interfering beams in each case can be employed to interact
in a nonlinear fashion e. g. within a photorefractive crystal [14]. However, this task is not
studied here.

An alternative and useful application of the SPH discussed in Section 2 is the generation
of multiple spots for optical manipulation. In this case the required output, formed by an array
of compact spots, is usually obtained at the Fourier plane of the SPH displayed in the SLM.

4. Experimental implementation of SPHs for generation of multiple beams

The available modulator for encoding the SPHs is the SLM 1080P of Holoeye Photonics AG.
This device is a reflective pixelated phase SLM with 1080x1920 pixels and a pitch dx=8um,
which provides modulation of 2n radians for laser light in the visible spectrum range. We
employed this SLM to implement the SPHs of the fields defined in Egs. (8) and (9), using a
double Fourier transform setup, depicted in Fig. 6. In this setup, the SLM is illuminated by a
collimated Gaussian He Ne laser beam, generated by a beam expander (BE), with a waist
diameter of approximately 0.6R, where R=438dx is the radius of the circular pupil that limits
the fields, s(x,y) and s3(x,y), to be encoded. We employ a quasi-normal SLM illumination
instead of a normal one to avoid the necessity of a cube beam splitter, which reduces the light
throughput of the system. The Fourier spectra of the SPHs that encode the fields s,(x,y) and
s3(x,y) are obtained at the focal plane of the first transforming lens L;, where a spatial filter
(SF) formed by an opaque screen with 4 small holes is placed. The holes in the SF only
transmit the spectra light spots of the beams encoded in the SPHs. The reconstructed complex
fields are obtained at the focal plane of the second transforming lens (L,). The Fourier
spectrum intensities of these fields are recorded with a CCD at the setup output plane.
Employing such digitized experimental intensities, we compute the modules of the
experimentally generated fields s,(x,y) and s3(x,y), which are depicted in Fig. 7. The obtained
results are quite similar to the ones obtained by means of simulations [Figs. 4(a) and 5(a)
respectively]. A high reduction of the amplitude at the edges, and at the low intensity areas, of
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the experimentally generated fields, is probably due to a poor response of the employed CCD
to low intensity light levels. A slight asymmetry in the experimentally recorded fields is
mainly due to an imperfect centering of the input Gaussian beam, respect to the SPHs. This
asymmetry that in reality is not so significant is enhanced by the pseudo color representation
of the amplitude fields.

Fig. 7. Modules of experimentally generated complex fields (a) sx(x,y) and (b) s3(x,y).
5. Concluding remarks

The discussed SPH encodes an arbitrary complex field at the zero order of a sinusoidal phase
carrier grating. This SPH exhibits important advantages: First, its encoding at the zero order
of the carrier hologram allows an efficient use of the relatively reduced spatial frequency
bandwidth of the pixelated SLMs, which are used to implement holograms. Second, the
smoothness of the SPH sinusoidal carrier is convenient because electrically addressable SLMs
do not display accurately high frequency modulation. Third, the power of the g-th order term,
in the SPH Fourier series, presents a fast reduction, when the order ¢ increases, because its
amplitude is proportional to integer order Bessel functions J(f(a)), where f(a) takes values
between zero and the first root of Jo(x). Although we developed the SPH for the simultaneous
generation of multiple beams it also offers advantages for the generation of a single arbitrary
complex beam. The demonstration of this fact was left out of the scope of the present report.
Although theoretically the SPH can encode on-axis beams, in practice it is necessary to obtain
the beams slightly off-axis. This phase shift is required to avoid the on-axis noise originated in
the zero-order error modulation introduced by practical SLMs.

Acknowledgment
This study was financially supported by CONACyT, México, Project 24430.

#105592 - $15.00 USD  Received 19 Dec 2008; revised 29 Jan 2009; accepted 6 Feb 2009; published 10 Feb 2009
(C) 2009 OSA 16 February 2009/ Vol. 17, No. 4/ OPTICS EXPRESS 2669



