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Abstract

This article is devoted to the problem of improving the frequency resolution inherent in a parallel acousto-optical
spectrum analysis via involving an additional nonlinear phenomenon into the data processing. In so doing, we examine
possible application of the wave heterodyning to the real-time scale acousto-optical analysis of the frequency spectrum
belonging to ultra-high-frequency radio-wave signals peculiar, for example, for radio-astronomy. The nonlinear
process of wave heterodyning is realized through providing a co-directional collinear interaction of the longitudinal
acoustic waves of finite amplitudes. This process, which is beforehand studied theoretically and investigated
experimentally via the acousto-optical technique as well, allows us either to improve the frequency resolution of
spectrum analysis at a given frequency range or to increase by a few times the current frequencies of radio-wave signals
under processing. The first step along this way is connected with the experimental modeling of the acoustic wave
heterodyning in solids via exploitation of the specific acousto-optical cell based on a liquid, which allows the simplest
realization of a cell with the needed properties. Then, these theoretical and practical findings are used in our
experimental studies aimed at creating a new type of acousto-optical cells, which are able to improve the resolution
inherent in acousto-optical spectrum analyzer operating over ultra-high-frequency radio-wave signals. In particular,
the possibility of upgrading the frequency resolution through the acoustic wave heterodyning is experimentally
demonstrated using the cell made of lead molybdate crystal. The obtained results demonstrate practical efficiency of
the novel approach presented.
r 2009 Elsevier GmbH. All rights reserved.
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1. Introduction

A major portion of modern developments in a high-
speed and extremely precise optical data processing is
currently connected with applying various nonlinear
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Fig. 1. A one-phonon normal light-scattering regime: principal

schematic arrangement for the Bragg light scattering (a) and

the corresponding vector diagram determining the frequency

bandwidth (b).
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effects, such as soliton and parametric phenomena, all-
optical multi-stability, etc. [1,2]. In this paper, the
practical potentials related to exploiting the nonlinear
process of wave heterodyning in a medium with
dispersive losses are considered. In the case of wave
heterodyning, beneficial analogue information incorpo-
rated into the spectrum of a signal gets converted from a
high-frequency signal wave to a difference-frequency
wave, so that just spectral components peculiar to the
resulting difference-frequency wave are exploited during
subsequent optical data processing. Usually, the preci-
sion of both spectral and frequency measurements for
signals is determined by the uncertainty in the energy or
momentum inherent in a photon localized in the
interaction area [3]. Due to the dispersion of losses,
heterodyning leads to increase in the characteristic
length and/or time of propagation for the converted
signal in that medium and to significant improvement in
the accuracy of the optical data processing, because
both spectral and frequency resolutions are in inverse
proportion to the length or time of acousto-optical
interaction. Here, we are reporting our investigations of
the co-directional collinear longitudinal acoustic wave
heterodyning through acousto-optic technique and its
possible application to a real-time acousto-optical
analysis of the frequency spectrum belonging to ultra-
high-frequency (UHF) radio-wave analogue signals. The
character of our studies is directly connected with actual
absence of sufficiently effective acousto-optical materi-
als suitable for processing ultra-high-frequency radio-
wave analogue signals. Exploiting the introduced
approximation, the theory of wave heterodyning in a
medium with the dispersive losses has been progressed.
Then, the developed theory was applied to our experi-
ments directed to increase the accuracy of acousto-
optical spectrum analyzers working in the UHF range.
In fact, optical data processing with essentially im-
proved frequency resolution has been experimentally
observed within exploiting the created new acousto-
optical cell based on exploiting rather effective lead
molybdate crystal with resonant frequencies lying in a
frequency range where conventional cell made of this
material is not profitable. The obtained results confirm
principally the advantages of our approach.
2. Formulating the problem: frequency

performances and resolution of the Bragg

acousto-optical deflector operating in a one-

phonon Bragg normal light-scattering regime

Let us start from preliminary estimations of the
frequency bandwidth Df, the frequency resolution df,
and the number N of resolvable spots inherent in the
Bragg acousto-optical deflector operating in a one-
phonon normal light-scattering regime. A one-phonon
non-collinear light scattering in isotropic medium, see
Fig. 1a, is associated with the Bragg condition [4,5]

sin y ¼ �
K

ð2k0Þ
¼ �l

f

ð2nV Þ
(1)

for normal process without changing the state of light
polarization. Here, y is the Bragg angle of light
scattering, k0 and l are the wave number and the
wavelength of light, respectively, n is the corresponding
refractive index, K, f, and V are the wave number,
carrier frequency, and phase velocity of the acoustic
wave, respectively. The corresponding wave vector
diagram is depicted in Fig. 1b. The frequency bandwidth
of acousto-optical interaction Df can be estimated
through differentiating this Bragg condition in Eq. (1)
as Df ¼ Dyð2nV=lÞcos y, where Dy is the variation of
the angle of light incidence associated with the variation
of the acoustic frequency Df needed to provide the Bragg
condition. In the case of light modulation, we have
usually the geometry of interaction with rather wide
optical beam, whose angle of spreading dy is small, and
rather narrow aperture of the acoustic beam, whose
angle of spreading is dj � ðV=fLÞbdy, where L is the
length of acousto-optical interaction, see Fig. 1a.
Assuming that dj � Dy and cos yE1, we yield the
following approximation

Df �
2nV2

lLf
(2)

for the bandwidth of a normal Bragg acousto-optical
interaction in isotropic medium. This approximate
equality follows geometrically from the plot in
Fig. 1b, because DK ¼ 2pðDf Þ=V and 2k0dj cos y �
4pnV=ðlLf Þ.

Generally, the momentum p of a photon is connected
with the wave number k as p ¼ hk/(2p), where h is the
Planck constant, so an uncertainty dp ¼ hðdkÞ=ð2pÞ in
the momentum is related to the uncertainty in the wave
number dk of a photon. The same view is true, if one will
consider the phonons. Namely, the momentum P of a
phonon is connected with the wave number K as



Fig. 2. The combined diagram illustrating effect of a triplet of

the restricting factors. The solid straight lines are related to N1,

the chosen apertures D are equal to 1, 2, 3, and 4 cm. The

dashed lines regards to N2 in the particular cases of Q ¼ 2p,
3p, and 4p. The solid hyperbolic-like falling curves illustrate

N3 and reflect contributions of the acoustic attenuation with

total losses of 4 and 6 dB along the optical aperture.
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P ¼ hK/(2p) and an uncertainty dP ¼ h(dK)/(2p) in the
momentum related to the uncertainty in the wave
number dK of a phonon. Then, because the phonon
wave number is K ¼ 2pf/V, one can note that an
uncertainty of the phonon wave number, in its turn,
can be explained in terms of an uncertainty in the
phonon frequency df as dK ¼ 2p(df)/V. The limiting
case of just Bragg light scattering in acousto-optics is
determined by the well-known [4–6] dimensionless
inequality for the Klein–Cook parameter

Q ¼
lf 2L

V 2
b1. (3)

In this limit an uncertainty in the momentum of the
issuing photon is characterized by the relation dpEdp,
and, consequently, dkEdK, because they both are
localized inside the same spatial area determined by
the aperture D. Together with this, the value of dk is
significantly smaller than the photon wave number
variation connected with scattering from the order j to
the order j+1, i.e. j~kjþ1 �

~kjj � KbdK � dk. By this is
meant that the wave numbers of both the photons and
the phonons are well determined in the Bragg limit of
acousto-optical interaction. Due to the Heisenberg
uncertainty principle [3] proclaims that dpdx�h with
dxED, one can found that

df �
V

D
¼ T�1, (4)

where T is the time of passing the acoustic wave through
the aperture D. Just this value determines the frequency
resolution of acousto-optical modulator operating in a
one-phonon Bragg normal light-scattering regime. The
number N of resolvable spots in the regime under
consideration is given by the ratio

N ¼
Df

df
¼ TDf . (5)

In high-frequency devices, the value of N is restricted
by both the geometrical factors and the acoustic
attenuation in a medium. The first geometric factor is
the maximal aperture D of a deflector. In connection
with this, one can estimate the maximal bandwidth as
DfEf0/2, where f0 is the central carrier frequency of the
acoustic wave, and obtain the first limitation

N1p
Df 0

2V
. (6)

The second factor is determined by the acoustic beam
spreading. One can assume that the aperture D of that
deflector belongs to the near zone of radiation from the
piezo-electic transducer, whose size can be taken to be
equal to L, so that D � L2f 0=ð2V Þ. This relation leads to
L ¼ nV2Q=ð2plf 2

0Þ and to the second limitation

N2p
nVQ

4plf 0

� �2

. (7)
The third principal limitation is conditioned by
acoustic attenuation. It can be also represented as a
function of f0. Let us use the factor G0 of acoustic
attenuation expressed in [dB/(cmGHz2)], so that w-dB
level of attenuation will require the aperture
DpwG�10 f �20 . Substituting this formula into Eq. (6),
one can find

N3p
w

2G0Vf 0

. (8)

Thus, the number of resolvable spots is restricted by a
triplet of the above-mentioned independent limitations.
To make illustrating numerical estimations one can
take, for example, an acousto-optical deflector made of
such widely exploited crystalline material as lead
molybdate (PbMoO4). In this particular case of a one-
phonon Bragg normal light scattering, one can take the
following values inherent in this crystal: V ¼ 3.63� 105

cm/s, l ¼ 633 nm, n ¼ 2.26, and G0 ¼ 15 dB/(cmGHz2)
[4,7]. The numerical estimations have been realized for
apertures D ¼ 1�4 cm; attenuation factors along the
total aperture w ¼ 4 and 6 (dB/aperture), and the
Klein–Cook parameter Q ¼ 2p, 3p, and 4p, providing
just the Bragg regime of light scattering, see Fig. 2. It is
seen that a lead molybdate deflector with DE2 cm,
Q ¼ 2p, and wo4 (dB/aperture) is capable to provide
NE700 resolvable spots with a potential frequency
resolution df of approximately 180 kHz in the frequency
bandwidth close to 120MHz at a central frequency f0 of
about 250MHz. Together with this, using Fig. 2 one can
conclude that conventional lead molybdate deflector
even with an aperture of 1 cm is not operable at the
carrier frequencies exceeding 600MHz. Thus, now one
can formulate the problem facing this article. Taking
alone a given lead molybdate optical deflector with the
given aperture D ¼ 2 cm, is it possible to keep the same
number of resolvable spots with the same potential
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frequency resolution in the same frequency bandwidth
at a significantly increased central carrier frequency f0
exceeding the above-mentioned 600MHz? The main
goal of our considerations is to give definitely positive
answer to this question under condition of exploiting the
collinear acoustic wave heterodyning in the taken
optical deflector.
3. Co-directional collinear propagation and

interaction of the longitudinal acoustic waves of

finite amplitudes

It is well known that co-directional collinear propaga-
tion of longitudinal acoustic waves of finite amplitudes
in isotropic media and along the acoustic axes in
crystalline materials, which do not have the group-
velocity dispersion, but have the dispersive losses, is
governed by the Burgers equation for the normalized
distortion x ¼ Da/D0 [8]

@x
@y
¼ Bx

@x
@y
þ
@2x

@y2
. (9)

Here, Da is the amplitude of distortion, D0 is the
amplitude of acoustic pump distortion, y ¼ oðt� x=V Þ,
y ¼ apx, o ¼ 2pf, V, and ap are the cyclic frequency,
velocity, and logarithmic attenuation of the pump
acoustic wave. Then, the parameter B ¼ �oGD0=ð2aPV Þ

describes a ratio of the acoustic nonlinearity to the
acoustic dissipation; G is the nonlinearity constant.
Fig. 3 illustrates arranging the interacting beams of the
acoustic waves in a cell.

Broadly speaking, Eq. (9) can be analytically solved in
its general form with arbitrary boundary conditions due
to well-known Hopf–Cole substitution converting the
nonlinear Burgers equation into linear heat conduction
equation [8]. However, very cumbersome form of such a
solution does not give a chance to perform the
subsequent harmonic analysis. The spectral approach,
when the project of solution has a given form, does not
lead to a success as well, because in this case one has to
solve an infinite set of the combined nonlinear equa-
tions. That is why the most worthwhile way is connected
with finding an approximate solution by the method of
successive approximations. The needed approximate
Fig. 3. Arranging the interacting acoustic beams consisting of

the longitudinal acoustic waves of finite amplitudes in a cell.
solutions can be obtain rather fast when the parameter
B is not too large. In so doing, let us take the boundary
condition to Eq. (9) in the form of a superposition of
two longitudinal waves. One of them with unit
amplitude and the cyclic frequency oP ¼ 2pf P can be
considered as a pump, while the other wave represents a
signal with an amplitude of d and a cyclic frequency of
oS ¼ 2pf S, so that

xðy ¼ 0; yÞ ¼ sinðyþ cÞ þ dsinðgyÞ, (10)

where g ¼ oS=oP, c is the phase shift between the signal

and pump, d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PS=PP

p
, PP and PS are the acoustic

power densities for the pump and signal, respectively.
Here, we restrict ourselves by the regime of non-
degenerate acoustic interaction. Substituting Eq. (10)
into Eq. (9), one can find the zero approximation
solution describing the propagation of two attenuating

non-interacting waves as xð0Þ ¼ expð�yÞsinðyþ cÞþ
d expð�g2yÞsinðgyÞ. Now, using x(0) in the nonlinear
term of Eq. (9), one can estimate the first approximation
solution as

xð1Þ ¼ xð0Þ ¼ a
ð1Þ
PþP sin½2ðyþ cÞ� þ a

ð1Þ
SþS sinð2gyÞ

þ a
ð1Þ
SþP sin½ðgþ 1Þyþ c� þ a

ð1Þ
S�P sin½ðg� 1Þyþ c�.

(11)

Here, a
ð1Þ
PþP ¼ �ðB=4Þ½expð�2yÞ � expð�4yÞ� is the

second harmonic amplitude of an acoustic pump wave,

a
ð1Þ
SþS ¼ �ðBd

2=4gÞ½expð�2g2yÞ � expð�4g2yÞ� is the am-

plitude of the second harmonic of an acoustic signal

wave. Then, a pair of the following expressions: a
ð1Þ
SþP ¼

�ðBdðgþ 1Þ=4gÞ½expð2gyÞ�1�exp½�yð1þ gÞ2� and a
ð1Þ
S�P¼

ðBdðg� 1Þ=4gÞ½1� expð�2gyÞ�exp½�yð1� gÞ2� give the
amplitudes of acoustic waves with the combined and
difference frequencies. Exploiting quite similar techni-
que and neglecting the terms of the order of d3, one can
calculate approximate solutions of the second order. In
the particular case of the second approximation for
acoustic wave amplitude with the difference frequency,
one can write

a
ð2Þ
S�P ¼

Bdðg� 1Þ

4g
exp½�yðg� 1Þ2�

� ½1� expð�2gyÞ� þ
B2ðgþ 1Þ

16

�
1� exp½�2yðgþ 1Þ�

gþ 1

�

þ
1� exp½�4yðgþ 1Þ�

2ðgþ 1Þ
�

1� exp½�2yðgþ 2Þ�

gþ 2

�
1� exp½�2yð2gþ 1Þ�

2gþ 1

��
. (12)

In the case, when the nonlinearity does not exceed the

dissipation, i.e. if B2p1 and d351, an additional
acoustic wave with the difference frequency can be



Fig. 4. The spatial normalized plots of an additional acoustic

wave power with the different frequencies in the case of Bp1

and d351 for various values of the parameter g: (a) go1; (b)

g41.

Fig. 5. The spatial normalized plots of an additional acoustic

wave power with the different frequencies in the case of

g ¼ 1.15 and d351 for various values of the parameter B.

Table 1. Physical properties of some materials appropriate for the

Material

Material density r (g/cm3)

Direction of propagation for the longitudinal acoustic waves

Velocity of propagation V� 10�5 (cm/s)

Modulus of the nonlinear parameter jGj
Factor of the acoustic attenuation G0� 1018 (s2/cm)

Acoustic quality factor m� 10�6 (s/g)

Acousto-optic figure of merit M2� 1018 (s3/g)
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characterized by the first-order solution as well. After
squaring and normalizing, one obtains

a
ð1Þ
S�P

	 
2
B�2d�2 ¼

1

4g
ðg� 1Þ

� �2
E2

i ðg; aSxÞ, (13)

Eiðg; aSxÞ ¼ 1� exp �
2aSx

g

� �� �
exp �aSx

g� 1

g

� �2
" #

.

(14)

Here, the relations y ¼ aP x ¼ aSg
�2x were used; aS is

logarithmic decrement characterizing acoustic attenua-
tion the signal acoustic wave. The spatial dependences
reflecting Eq. (14) are presented in Fig. 4. For
comparison, these plots include the exponential depen-
dence expð�2aSxÞ, which describes decrease in the
acoustic signal power in zero approximation with
B ¼ 1. One can see that the distributions of acoustic
power on these plots are as more uniform as values of
the parameter g are closer to unity. However, therewith
the intensity of an additional acoustic wave decreases
directly proportional to (g�1)2.

It follows from Eq. (12) that the correction to the
first-order solution a

ð1Þ
S�P increases the amplitude of

additional acoustic wave. By this it mean that when B2,
which is directly proportional to the inputting power of
acoustic pump, grows by ten times, the acoustic power
of an additional wave increases by more then ten times,
see Fig. 5. Nevertheless, including the obtained correc-
tions of the second order in the solution of the first order
changes nothing in the character of these dependences.

The power density Pi inherent in an additional acoustic
wave of the difference frequency in the first approximation
can be explained in dimensional values as

Piðg; aSxÞ ¼ PPPS
f i

f Pf S

� �2

mE2
i ðg; aSxÞ, (15)

where f i ¼ jf P � f Sj. Then, the value

m ¼
1

8rV

pG
V2G0

� �2

(16)
acousto-optic cell, see [4,7].

H2O C2H5OH PbMoO4 As2S3

1.00 0.787 6.95 3.20

Arbitrary Arbitrary [0 0 1] Arbitrary

1.49 1.15 3.62 2.60

8.0 12.3 17.5 21.5

552 1247 3.45 39.1

3.53 7.545 725 98.1

126 543 36.3 429



Fig. 7. Acousto-optical cell with two piezo-electric transducers

and with liquid medium represented by ethanol.
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determines the efficiency of generating an additional
difference-frequency acoustic wave in a medium and
takes into account the factor G0 characterizing the
attenuation of acoustic waves. Usually, the acoustic
attenuation is mentioned in bibliography in units of [dB/
(cmGHz2)], but Eq. (16) needs it in the form

G0ðs
2=cmÞ ¼ 0:23 G0½dB=ðcmGHz2Þ�10�18. (17)

Physical parameters for a few materials available for
acoustic wave heterodyning are presented in Table 1.

Acousto-optical technique is one of the most sensitive
methods to detect various acoustic signals. In connec-
tion with this, it would be worthwhile to discuss the
efficiency I of light scattering by an additional acoustic
wave in the linear regime of rather weak acoustic
signals. In this particular case [4,5],

I ¼
p2M2PiL

2

2l2
, (18)

where l is the optical wavelength. Now, we can exploit
Eq. (14) and (15) to rewrite Eq. (17) as

I ¼
p2M2L

2

2l2
PPPS

f i

f Pf S

� �2

mE2
i ðg; aSxÞ, (19)

which determines the combined efficiency of the
acousto-optical cell in terms of light scattering.
4. Experimental verifications and modeling

The obtained theoretical results related to collinear
interaction of longitudinal acoustic waves were exam-
ined experimentally via exploitation of the acousto-optic
technique. The main attention was paid to the process of
generating an additional acoustic wave with the
difference frequency. In so doing, the experimental set-
up, whose optical part is presented in Fig. 6, was used.
The collimated laser light beam with a wavelength of
633 nm was directed at the rotating mirror placed at the
focus of the cylindrical lens 2. Rotation of this mirror
provided the incidence of light beam at an arbitrary
point of the acoustic duct. Light, scattered by an
additional acoustic wave, was redirected to photo-
detector placed at the focal plane of the cylindrical lens
1. At this step, one has to say that the analytical
Fig. 6. Optical scheme of the experimental set-up.
calculations allow the principal opportunity for experi-
mental simulation of the desirable collinear interaction
between high-frequency acoustic waves passing along
the wave axes in anisotropic solid states through
studying similar processes at low frequencies in isotropic
media with acceptable characteristics, namely para-
meters of acoustic nonlinearity, acoustic attenuation,
acoustic and acousto-optical figures of merit. In
particular, the performed investigations were oriented
on experimental simulation of co-directional collinear
interaction for acoustic waves of about 1GHz, for
example, in lead molybdate crystal (PbMoO4) through
studying similar process in the acousto-optical cell
exploiting ethanol (C2H5OH) at the frequencies of
about 30–80MHz, see Fig. 7.

In fact, the experiments were carried out at the
following pairs of the modeling frequencies in ethanol:

f S ¼ 30MHz; f p ¼ 47:2MHz; f i ¼ 17:2MHz; g ¼ 0:64;

f S ¼ 57:3MHz; f p ¼ 82MHz; f i ¼ 24:7MHz; g ¼ 0:70;

f S ¼ 47MHz; f p ¼ 57MHz; f i ¼ 10MHz; g ¼ 0:82;

f S ¼ 28MHz; f p ¼ 31MHz; f i ¼ 3MHz; g ¼ 0:91:

(20)

Using Eq. (17), one can find that the experimental
parameters of the modeling and real media are
connected with each other as

ðaÞ f 2
S ¼

G0;M

G0
f 2

S;M ; ðbÞ g ¼ gM ,

ðcÞ
PPPS

l2H2
¼

mMG0;M

mG0

PPPS

l2H2

� �
M

, (21)

where the index ‘‘M’’ is related to parameters of the
modeling process. In the case of, for example, a lead



Fig. 8. Normalized spatial dependences for the efficiency I of

light scattering by the difference-frequency acoustic wave.

Fig. 9. The plots of a2s�pðx ¼ xmÞ — solid line, and G(g) - - - -
dashed line, for magnitudes of g practically usable in the wave

heterodyning.
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molybdate crystal, these data are represented by

f S ¼ 0:53GHz; f p ¼ 0:84GHz; f i ¼ 0:31GHz; g ¼ 0:64;

f S ¼ 1:02GHz; f p ¼ 1:46GHz; f i ¼ 0:44GHz; g ¼ 0:70;

f S ¼ 0:83GHz; f p ¼ 1:01GHz; f i ¼ 0:18GHz; g ¼ 0:82;

f S ¼ 0:49GHz; f p ¼ 0:54GHz; f i ¼ 0:05GHz; g ¼ 0:91:

(22)

The normalized data reflecting the coordinate depen-
dences of light-scattering efficiency by an additional
acoustic wave are presented in Fig. 8. The points are
experimental data, while the solid lines explain the
corresponding calculations. The comparison of these
data illustrates the possibility of applying the elaborated
analytical method to describe co-directional collinear
interaction of the longitudinal high-frequency acoustic
waves, in particular, to the process of exiting an
additional acoustic wave with the difference frequency
and its visualizing via acousto-optic technique.
5. Practical estimations and proof-of-principle

experimental studies of the potentials peculiar to

optical spectrum analysis with a novel lead

molybdate crystalline acousto-optical cell

In the first approximation, the normalized amplitude
of the difference-frequency carrier acoustic wave passing
along the optical aperture of a cell is given by Eq. (13),
which can be rewritten as

aS�PðxÞ ¼
g� 1

4g

� �
½1� expð�2gaPxÞ�exp½aPxð1� gÞ2�.

(23)

Using Eq. (23), one can determine the point xm

associated with a maximum of the normalized amplitude
distribution along the cell as

xm ¼
�1

2aPg

� �
ln
ð1� gÞ2

1þ g2

� �
. (24)

The magnitude of this maximum can be estimated as

aS�Pðx ¼ xmÞ ¼
g� 1

2ð1þ g2Þ
exp

ð1� gÞ2

2g
ln
ð1� gÞ2

1þ g2

� �� �
.

(25)

It is seen from Eq. (25) and Fig. 4 that a2
S�Pðx ¼ xmÞ is

the decreasing function of g, see the solid line in Fig. 9.
However, such a dependence on g leads to a non-
uniformity of distributing signals associated with
various difference-frequency components in a cell. To
compensate this non-uniformity one can suggest to
exploit the additionally needed pre-amplification G(g),
which is shown by dashed line in Fig. 9 and can be
calculated as

GðgÞ ¼
a2

S�Pðx ¼ xm; g ¼ g0Þ
a2

S�Pðx ¼ xm; gÞ
, (26)

where g0 is an initially selected, minimal, and fixed value
of the ratio g.

Decreasing the normalized intensity a2
S�PðxÞ of the

difference-frequency acoustic wave down to a level of
�3 dB along the cell’s optical aperture at a point xD

gives the equality aS�Pðx ¼ xDÞ ¼ ð1=
ffiffiffi
2
p
ÞaS�Pðx ¼ xmÞ

in terms of the amplitudes, so that

xD ¼
�1

2aPð1� gÞ2
ln

g
ffiffiffi
2
p

1þ g2

 !
þ
ð1� gÞ2

2g
ln
ð1� gÞ2

1þ g2

� �� � !
.

(27)

In fact, the value of xD determines the total length of
acousto-optical cell with the collinear wave heterodyning.



Fig. 10. The plot of F(g) for magnitudes of g practically usable

in the wave heterodyning.

Fig. 11. Plots for the pump frequency fp (dashed line) and the

difference frequency fD (solid line) related to Eqs. (29) versus g
for magnitudes of g practically usable in the wave heterodyn-

ing.

Fig. 12. A non-uniformity in the distributions of signals

associated with various difference-frequency components in

the lead molybdate cell.

Fig. 13. Schematic arrangement of a prototype for the

acousto-optical spectrum analyzer.

A.S. Shcherbakov et al. / Optik 121 (2010) 1497–15061504
Now, an active part D of the cell’s optical aperture
available for optical processing can be found as

ðaÞ D ¼ xD � xm ¼
F ðgÞ
aP

,

ðbÞ F ðgÞ ¼
1

ð1� gÞ2
ln

1þ g2

g
ffiffiffi
2
p

� �
. (28)

The plot of F(g) for values of g neighboring unity and
capable to be practically usable in the wave heterodyn-
ing is presented in Fig. 10.

Because aP ¼ 0:23G0f 2
P (cm�1), see Eq. (17), the

following expression for the pump frequency fp and for
the difference frequency f D ¼ f P � f S ¼ f Pð1� gÞ appear

ðaÞ f P ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðgÞ

0:23G0D

s
; ðbÞ f D ¼ ð1� gÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðgÞ

0:23G0D

s
.

(29)

In the particular case of a lead molybdate (PbMoO4)
crystal (G0 ¼ 15 dB/cmGHz2) with the active optical
aperture D ¼ 2 cm, one can obtain from Eqs. (29) the
following diagrams, see Fig. 11.

These dependencies allow the following estimation for
practical realization. Let us take the upper difference-
frequency as fUD ¼ 230MHz and the lower magnitude
of g as gL ¼ 0.83, so that the pump frequency will be
fp ¼ 1350MHz and the lower signal frequency will be
fLS ¼ 1120MHz. Then, one can choose the bandwidth
Df of analysis, for example, in the range of 110MHz,
which leads to the lower difference-frequency fLD ¼ 120
MHz, the upper signal frequency fUS ¼ 1230MHz, and
the upper magnitude gU ¼ 0.91. These estimations are
conditioned by the relations

ðaÞ f UD ¼ f P � f LS ¼ f Pð1� gLÞ,

ðbÞ f LD ¼ f P � f US ¼ f Pð1� gU Þ. (30)

It is seen from Fig. 2 that direct exploitation of similar
lead molybdate cell with the active optical aperture
D ¼ 2 cm at the signal frequencies of about
1100–1200MHz is definitely impossible. Nevertheless,
applying the collinear acoustic wave heterodyning
allows to operate on these ultra-high carrier frequencies
and to obtain the number of resolvable spots of about
N ¼ Df =df � 610. The above-mentioned non-unifor-
mity in the distributions of signals associated with
various difference-frequency components in the lead
molybdate cell under consideration are illustrated in
Fig. 12.

Exploiting the modeling procedure discussed in
Section 4 and the above-listed estimations, a novel
solid-state acousto-optical cell had been designed and
used in the standard scheme of a prototype for the
acousto-optical spectrum analyzer of ultra-high-fre-
quency radio-signals, see Fig. 13. This scheme includes
a rather powerful laser (l ¼ 440 nm, the issuing optical
power exceeds 100mW), a two-prism beam shaper,
large-aperture achromatic doublet lens, and a 3000-pixel
CCD linear array photo-camera. A lead molybdate



Fig. 15. The digitized profile of individual resolvable spot

inherent in that crystalline cell with the most non-uniform

(gL ¼ 0.83) distribution of the difference-frequency acoustic

waves along the cell’s aperture; horizontal lines are spaced here

by an interval of 2.5 dB.
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(PbMoO4) single crystal of 25mm in length, oriented
along the [0 0 1]-axis for an acoustic beam along [1 0 0]-
axis for an optical beam [4,5,7], was used in that cell.
The cell completed with a pair of electronic input ports
for the pump and signal on one of its facets as well as
with acoustic absorber on the opposite facet.

This crystalline material was chosen because of
its high value of the relative acousto-optic figure of
merit that can be characterized by a value of M2 �

36:3� 10�18 s3=g for both possible eigen-states of light
polarization in this tetragonal crystal and its rather high
acoustic interaction efficiency for collinear longitudinal
waves in the [0 0 1]-direction described by jGj ¼ 17.5 [7].
As it was noted in Section 1, the range of applicability
for similar lead molybdate cell in conventional design is
practically limited by frequencies of the order of
300–400MHz. The piezo-electric transducer with an
interaction length of 10mm, generating the signal wave
with power density of about 100mW/mm2, was made of
a thin (Y+361)-cut lithium niobate, so that it excited
purely longitudinal acoustic wave, with conversion
losses of about 2 dB at its resonant frequency close
to 1160MHz. The single-frequency pumping longitudi-
nal acoustic wave with the power density of up to
600mW/mm2 was generated at a carrier frequency of
approximately 1350MHz, so that the case of g 2
½0:80; 0:93� had been experimentally realized. During
the experiments, we placed a diaphragm in a few
millimeter vicinity of the piezo-electric transducers area
(about 15% of the total aperture) to minimize the effect
of this area, where an increase in the power of difference
frequency waves takes place. Consequently, the working
optical aperture of a cell slightly exceeds 2 cm. The
bandwidth of that prototype was about 120MHz. The
efficiency of light scattering by an additional acoustic
wave at the difference-frequency was slightly exceeding
1%. Fig. 14 shows the digitized oscilloscope traces of
amplitude–frequency distribution peculiar to that pro-
totype with the acousto-optical cell based on the
collinear wave heterodyning. The digitized trace of this
distribution had been recorded by a multi-pixel CCD
linear array photo-camera through connecting the input
Fig. 14. The digitized oscilloscope trace of the amplitude–-

frequency distribution inherent in acousto-optical cell based

on the longitudinal acoustic wave heterodyning in a lead

molybdate crystal.
signal port of a cell at an ultra-high-frequency radio-
wave sweep-generator and fulfilling the acoustic wave
heterodyning in a lead molybdate crystal. For a signal at
the resulting currier difference-frequency of about
230MHz, the attenuation is close to 3 dB over the total
cell aperture, while for a signal acoustic wave at the
original frequency 1120MHz the attenuation exceeds
36 dB along that aperture, which is perfectly unaccep-
table in practice. Within the second set of experimental
tests, we examined the resolution of spectrum analyzer
with the cell exploiting the acoustic wave heterodyning.
The obtained data corresponds to a frequency resolu-
tion of about dfE200 kHz and NE600, see Fig. 15. This
digitized trace had been recorded in the focal plane of
lens, see Fig. 13, via applying just a single-frequency
excitation at the input signal port of a novel cell under
consideration.
6. Conclusion

We have investigated both theoretically and experimen-
tally the phenomenon of a co-directional collinear wave
heterodyning, considering the particular case of interaction
of the longitudinal acoustic waves of finite amplitudes. In
so doing, the acousto-optical technique has been exploited.
Possible applications of this phenomenon to the acousto-
optical spectrum analysis of the UHF radio-wave signals
have been tested as well. At the beginning, the experi-
mental modeling of the acoustics wave mixing process in
solids via application of acousto-optical cell based on
liquid material, namely liquid ethanol, which makes
possible the simplest option for realizing the correspond-
ing cells with the needed parameters, has been examined.
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Then, the obtained results of analysis and modeling have
been used in our experiments directed to increase the
performance data of acousto-optical devices. In particular,
an opportunity to implement the acousto-optical data
processing with the acoustic wave heterodyning has been
experimentally demonstrated utilizing the acousto-optical
cell made of a lead molybdate crystal.

The presented results demonstrate the possibility of
applying co-directional collinear interaction of the long-
itudinal acoustic waves to resolve one of the problems
related to acousto-optical spectrum analysis of just the
UHF radio-wave signals. Devices of this sort provide an
improved frequency resolution in that bandwidth of the
working frequencies, where conventional acousto-optical
cells made of given materials cannot operate. The
functional scheme of the devices under proposal differs
from the scheme for spectrum analysis with the electrical
heterodyning that it does not require a mixer for
microwave signals or a powerful intermediate-frequency
amplifier. Both the acoustic wave heterodyning and the
amplification of signal waves at the difference frequencies
occur in a single solid-state circuit using the energy from
the acoustic pump. Furthermore, the required relative
frequency bandwidths of both the piezo-electric transdu-
cers on a facet of a cell are considerably small, so that the
fabrication of these transducers could be simplified. The
proposed scheme of acousto-optic spectrum analyzer
may prove to be the most effective at frequencies
above 1GHz or more. Consequently, the results of these
studies should also be thought of as an experimental
modeling for gigahertz-range devices, where the choice of
materials for effective acousto-optic cells is rather limited
because of the increased (in fact, directly proportional to
the currier acoustic frequency squared) attenuation for
acoustic waves.
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