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We present a corneal profile in which the eccentricity, e(Q ¼ −e2), has a nonlinear continuous variation
from the center outwards. This nonlinear variation is intended to fit and reproduce our current experi-
mental data in which the anterior corneal surface of the human eye exhibits different values of e at
different diameters. According to our clinical data, the variation is similar to an exponential decay.
We propose a linear combination of two exponential functions to describe the variation of e. We then
calculate the corneal sagittal height by substituting e in the first-order aspherical surface equation
to obtain the corneal profile. This corneal profile will be used as a reference to analyze the resultant
profiles of the customized corneal ablation in refractive surgery. © 2009 Optical Society of America

OCIS codes: 170.4460, 170.4470, 170.4730, 330.4060, 330.5370, 330.7326.

1. Introduction

Due to the inherent complexity of the human eye, the
analysis and description of its optical performance
have been addressed in the literature with different
approaches and simplifications, depending on the
specific features to be described [1]. Within this task,
several theoretical models have been proposed in
which the optical surfaces of the eye are assumed
to be spherical or aspherical surfaces of revolution
with constant asphericity value Q [1–10]. These ro-
tationally symmetric models also assume a constant
value of the radius at the center of the cornea [11].
However, different values ofQ arise within the differ-
ent models [6,7]. The growing degree of complexity of
the theoretical models tends to provide a more rea-
listic description of the optical system of the eye
and makes it more consistent with experimental
and clinical data [10]. In addition, despite the fact
that an anatomically accurate description of the hu-
man cornea needs to take into account several factors
such as nonrotational–symmetric shapes, the advan-

tages of simpler functional descriptions have been
demonstrated in the literature [12–18].

On the other hand, it is well known that the cor-
neal anterior surface makes the greatest contribu-
tion to the total refractive power of the eye [19,20].
Hence, a precise characterization of this surface is
essential to the understanding of the visual perfor-
mance of the eye as a physical system [21–26]. In this
direction, modeling based on clinical data will im-
prove the overall description.

As cited by Lotmar [4], R. Bonnet was able to fit
experimental data into a logarithmic corneal profile.
Then, by a power series approximation of the loga-
rithmic profile, Lotmar [4] was able to compare this
profile with different aspherical surfaces of different
asphericity Q and constant radius at the corneal ver-
tex. He showed that the differences between the pro-
files were evident below the apex of the cornea. Later
on, Kiely et al. [20] showed that Lotmar’s approxima-
tion can represent a corneal shape with constant Q
and constant radius R if Q ¼ −0:286. In the same pa-
per, and as a result of clinical data [27], they obtained
an average value of Q ¼ −0:26� 0:18 and R ¼
7:72� 0:27mm. It was also established that a value
of Q ¼ −0:528 is required for zero spherical aberra-
tion. But, it was recognized that this result does
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not take into account astigmatic corneas. Different
approaches appear in the literature to address this
feature [28–31]. Nevertheless, as cited by Navarro
et al. [31], the topographies of real corneas do not
match any of these ideal models. They made an inter-
esting overview of the existing parametric models
with two conic constants, Qx and Qy, and demon-
strated that the general ellipsoid provides a better
model for the normal corneas.
On the other hand, Kasprzak and Iskander [12] de-

monstrated that a generalized conic curve, which can
be considered as the sum of two conic functions, can
take into account the different values of the eccentri-
city in the central portion of the ophthalmic surfaces
and in the periphery. However, in a recent publica-
tion Gonzalez-Méijome et al. [13] showed that the hu-
man cornea has different Q values for different
corneal diameters. They obtained a linear variation
ofQ from the center towards the periphery of the nor-
mal cornea. This means that simple conic functions
are not enough to describe the corneal profile.
However, according to our clinical data, the varia-

tion is similar to an exponential decay [32]. There-
fore, the aim of this work is to present a corneal
profile in which the eccentricity, e (Q ¼ −e2), has a
nonlinear continuous variation from the center out-
wards. We propose a linear combination of two expo-
nential functions to describe the variation of e. This
linear combination will increase the accuracy of the
reproduction of the clinical data, which cannot be
achieved by a linear variation or a single exponential
function. We then calculate the corneal sagittal
height by substituting e in the first-order aspherical
surfaces equation [33] to obtain the corneal profile.
The resultant profile describes the corneal shape
at different pupil diameters. This corneal profile
can be used as a reference to compare the pre-
operated and post-operated profiles obtained with
customized corneal ablation techniques [34–41].

2. Mathematical Description

A. Clinical Data

Using the refractive power and corneal analyzer
Nidek ARK-10000 (Nidek Co., Ltd.), we measured
the values of the eccentricity corresponding to eight
distances from the optical axis—at this point we as-
sume the anterior corneal surface to be a revolution
generated surface—from a distance of 1:5mm to
4:5mm from the optical axis, in intervals of 0:5mm.
This procedure was applied to 71 eyes with 20=20 vi-
sion, from which we obtained some of the results illu-
strated in Fig. 1. The eccentricity of the rest of our
sample exhibits a similar behavior. We also show in
Fig. 1 twohorizontal lineswith the corresponding con-
stant eccentricity value for the average normal cornea
e ¼ 0:51 (Q ¼ −0:26), and the zero spherical aberra-
tion eccentricity value e ¼ 0:73 (Q ¼ −0:528). Note
that regardless of the fact that in a certain interval
some of the clinical data are located close to these
lines, those models do not reproduce the whole set.

As mentioned before, this means that simple conic
functions are not enough to describe the corneal
profile. In our case, the clinical data obtained for
the eccentricity values suggest an exponential type
behavior along the distance to the optical axis.
However, a simple exponential function is not
enough. Therefore, and as mentioned before, double-
exponential decay curves are considered [32]. These
linear combination increases the accuracy of the re-
production.Regarding these observations,wepropose
the following equation:

eðrÞ ¼ C1 expð−λ1rÞ þ C2 expð−λ2rÞ; ð1Þ

where the values of λ1, λ2,C1,C2, are calculated using
the Nelder–Mead simplex optimization method [42]
with MATLAB (MathWorks, Inc.). We first apply this
two-exponential function to each one of the eye sam-
ples to see if, regardless the specific data, this function
fits and reproduces each individual set.We found that
despite the initialand finalvaluesof theeccentricity of
each one of the individual eyes in our sample, the pro-
posed function reproduces the experimental data
within the interval with high accuracy. We initiate
the fitting process with a value of λ1, C1 equal to 1,
and λ2,C2 equal to 0, respectively.The criterion for ter-
minating the optimization process is the value of the
difference between two consecutive points along the
radial axis, which we set to be equal to 0:001mm.
The individual values of λ1, λ2, C1, and C2 converge,
up to 4 significant figures, even if we reduce the value
of the criterion. The accuracy in each case was evalu-
ated as the absolute value of the difference between
the experimental value and the obtained value,which
inaverage is less than0.12.Asanexample,we show in
Figs. 2(a) and 2(b) the resultant graph, together with
the specific data set, for two different eyes.We display
at the top of each figure the specific values of the con-
stants in Eq. (1).

Fig. 1. Sample of our clinical data showing the variation of the
eccentricity as a function of the distance to the optical axis. We also
show two horizontal lines with the corresponding constant eccen-
tricity value for the average normal cornea e ¼ 0:51 (Q ¼ −0:26),
and the zero spherical aberration eccentricity value e ¼ 0:73
(Q ¼ −0:528).
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In our next step, we obtained the average values of
the different eccentricities for each one of the eight
different distances to the optical axis to obtain the
eccentricity values of the average cornea. Now, apply-
ing our proposal to the average cornea and using the
same initial values for λ1, λ2, C1, C2, and the same
termination criterion value as before, we obtained
the graph in Fig. 3, with the following fit:

eðrÞ ¼ 2:746 expð−0:685rÞ þ 0:294 expð0:131rÞ: ð2Þ
We also show in Fig. 3 the experimental average va-
lues and the corresponding standard deviation. In
this case, the absolute value of the difference be-
tween the experimental data and the obtained value
is less than 0.015.
We then calculate the corneal sagittal height by

substituting e given in Eq. (2) into the well known
first-order aspherical surfaces equation [33,43] to ob-
tain the corneal profile.

3. Corneal Profile

In order to follow up with the mathematical evolu-
tion of the eye models in terms of Q, we start men-

tioning Gullstrand’s model [2], in which the eye is
represented by only one surface: a sector of a sphe-
rical surface, of (constant) radius R and passing
through the corneal vertex. The mathematical de-
scription is based on the coordinate systems depicted
in Fig. 4.

To go beyond the spherical surface, and describe
the conic approximations mentioned before, we need
to introduce the aspherical (nonspherical) surfaces,
whose cuts containing the z axis are the conics with
a nonzero, constant, eccentricity. This is expressed by
introducing the asphericity or the conic coefficient
Q ¼ −e2 of the surface in what is known as the
first-order aspherical surfaces equation [33,43].

The general expression for such aspherical sur-
faces is well known [33,43]. To avoid indeterminate
values of z for the different values of Q, it is usually
put into the form

z ¼
r2
R

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1þQÞ

�
r
R

�
2

r : ð3Þ

Fig. 2. (a) Data set and (b) graphical fit of two different eye samples.

Fig. 3. Two-decay model fit for the average cornea. Fig. 4. Coordinate systems used for image forming systems.
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Now, by substituting Eq. (1) into Eq. (3) we obtain

zðrÞ

¼ r2

RþðR2
− ð1− ðC1 expð−λ1rÞþC2 expð−λ2rÞÞr2ÞÞ1=2

;

ð4Þ

which represents the sagittal height of a generic cor-
neal profile with variable eccentricity, i.e., aspheri-
city. We show in Fig. 5(a) the corresponding profile
of the average cornea described by the specific values
given in Eq. (2). For comparison reasons, we also
show Gullstrand’s [2], Bonnet’s [4] values and the
corresponding Q ¼ −0:528 and Q ¼ −0:26 [20] cor-
neal profiles mentioned before. Note that, as ex-
pected, the profiles are practically the same near
the axis of the cornea, while the differences appear
as we move toward the peripheral. These differences
can be seen more clearly in Fig. 5(b). It is noteworthy
that the proposed corneal profile is similar to
Bonnet’s profile; which, as mentioned before, was
also obtained from clinical data.
It is straightforward to show that the differences

that appear at the peripheral of the corneal models
stand for the different focusing capacities of a single
refractive surface formed by the rotation of these dif-
ferent profiles along the axis, which is in congruence
with the well known fact that by modifying the cor-
neal profile it is possible to correct refractive errors
in human eyes [34–41]. Now, by rotating the pro-
posed variable asphericity profile along the optical
axis, we can obtain the 3-D profile of the correspond-
ing anterior corneal surface. The optical axis is
usually defined as the line joining the centers of cur-
vature of the refractive surfaces, which in our case is

just the anterior surface of the cornea [28]. Once we
have an analytical description of the anterior corneal
surface, we can move to the next step and include, for
instance, the aperture stop; which is equivalent to
moving from the optical axis to the visual axis. More-
over, we can include the rest of the refractive surfaces
to compare the effect of letting the anterior corneal
surface to vary radially. The description of the result-
ing corneal shape together with the corresponding
focal shift will complements the typical frequency
and aberration analysis of the visual performance
[26,44–48].

4. Potential Applications

As mentioned before, the average corneal profile ob-
tained with our proposal can be used as a reference to
evaluate the resultant pre- and post-operated cor-
neal profiles, as a complementary objective descrip-
tion to the frequency and aberration analysis of
individual patients with a particular anomaly [47],
as well as the individual and average performance
of a set of patients with a similar defect; for instance
myopic patients subjected to a pseudo-accommoda-
tive surface ablation [48]. As a first example of the
potential applications, we describe the case of a 51
year old male with a pseudophakic left eye (LE), in
which a miscalculated monofocal intraocular lens
(IOL) was implanted 8 years earlier, who was suffer-
ing from induced hyperopia and presbyopia. Instead
of trying to replace the IOL, refractive surgery with
surface ablation was performed to compensate his
lack of focusing. The description of the details of
the applied technique is beyond the scope of this pa-
per [34,35]. Before the surgery, the patient was asked
to read targets at 6m (far) and at 30 cm (near). With
the output of these tests we obtained the information

Fig. 5. (a) Comparison of the proposed aspherical profile and the conic profiles described in the text and (b) zoom in on the region where
the differences between the profiles are manifest.

Table 1. Pre and Post-op UCVA, BSCVA, and Manifest Refraction for Both Eyes of the Patient

LE UCVA Far UCVA Near BSCVA Far BSCVA Near

PRE 20=400 20=320 20=40 (þ5:50 − 0:5 × 90) 20=40 (þ2:25 ADD)
6 months 20=30 20=50 20=30 (þ0:25) 20=25 (þ1:00 ADD)

10 December 2009 / Vol. 48, No. 35 / APPLIED OPTICS 6597



of the focusing capacity of the eyes, by means of the
so-called visual acuity test [35,43]. The values of the
resultant uncorrected visual acuity (UCVA), the best
spectacle-corrected visual acuity (BSCVA) and man-
ifest refraction obtained for the LE are shown in the
first row of Table 1. The rest of the ocular examina-
tion was unremarkable.
Typically, an UCVA of 20=20 stands for perfect vi-

sion, while 20=400 implies a legally blind person. Six
months after surgery, when all the parameters
seemed to stabilize, the patient showed the UCVA
and BSCVA values illustrated in the second row of
Table 1.
The post-op value of the UCVA implies an en-

hancement of the focusing capacity of the patient’s
LE. This enhancement can also be visualized by
means of the corneal changes in the corresponding
pre-op and post-op profiles. We used again the refrac-
tive power and corneal analyzer Nidek ARK-10000
mentioned above to measure the corresponding
pre-op and post-op values of the eccentricity of the
LE. Using Eq. (1) with the pre-op and post-op sets
of eccentricity values and substituting the corre-
sponding fit in Eq. (3), we obtained the pre-op and
post-op corneal profiles shown in Fig. 6. We also show
in this figure the resulting average corneal profile de-
scribed by Eq. (2).
Note that, as before, the differences in the profiles

aremore evident at the peripheral. The difference be-
tween the post-op profile and the average corneal
profile may perhaps explain the fact that the post-
op visual acuity is not 20=20. The frequency and
aberration analysis of this patient are beyond the
scope of this paper and are left for a future paper [47].

5. Conclusions

We presented a two-exponential function suitable to
describe the anterior corneal profile of the human
eye with different eccentricity values at different cor-
neal diameters. Our proposal fits and reproduces the

clinical data obtained with our refractive power and
corneal analyzer Nidek ARK-10000. The proposed
function allowed us to obtain the average profile of
a set of 71 eyes with a 20=20 visual acuity for which
all the data exhibit different values of eccentricities
at different corneal diameters, with an accuracy of
less than 0.015. As mentioned before, the average
corneal profile obtained with our proposal can be
used as a reference to evaluate the resultant
pre- and post-operated corneal profiles, as a comple-
mentary objective description to the frequency and
aberration analysis of individual patients with a par-
ticular anomaly, as well as the individual and aver-
age performance of a set of patients with similar
defects. As an example, we presented the pre-op
and post-op profiles in the case of a single eye with
a pseudophakic left eye, in which a miscalculated
monofocal intraocular lens was implanted. The de-
scription of the resulting corneal shape together with
the corresponding focal shift will complement the ty-
pical frequency and aberration analysis of the visual
performance.

The authors thank Roberto Cantú, MD, and Cor-
rección Visual con Laser for providing all the clinical
data. We also thank the reviewers for useful com-
ments that help us to improve the manuscript.
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