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In this manuscript we propose a method for the autonomous determination of endmem-
bers in hyperspectral imagery based on recent theoretical advancements on lattice auto-
associative memories. Given a hyperspectral image, the lattice algebra approach finds in
a single-pass all possible candidate endmembers from which various affinely independent
sets of final endmembers may be derived. In contrast to other endmember detection meth-
ods, the endmembers found using two dual canonical lattice matrices are geometrically
linked to the data set spectra. The mathematical foundation of the proposed method is first
described in some detail followed by application examples that illustrate the key steps of
the proposed lattice based method.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

The high spectral resolution produced by current hyperspectral imaging devices facilitates identification of fundamental
materials that make up a remotely sensed scene and thus supports discrimination between them. A pixel of a hyperspectral
image physically represents a surface region on the ground comprising several square meters. Thus, a hyperspectral image
pixel can have all or parts of many different natural or man-made objects in it. The collection of measured reflectances asso-
ciated with the pixel is called the spectrum of the pixel. It is, therefore, useful to know the percentage of different fundamen-
tal object parts that are most represented in the spectrum of a given pixel. The most widely used spectral mixing model is the
linear mixing model, which assumes that the observed reflectance spectrum of a given pixel is a linear combination of a
small number of unique constituent signatures known as endmembers [1]. In various applications, hyperspectral image seg-
mentation and analysis takes the form of a pattern recognition problem as the segmentation problem reduces to matching
the spectra of the hyperspectral image to predetermined signatures stored in a spectral library. In many cases, however, end-
members cannot be determined in advance and must be selected from the image directly by identifying the pixel spectra
that are most likely to represent the fundamental materials. This comprises the autonomous endmember detection problem.
Unfortunately, the spatial resolution of a sensor makes it often unlikely that any pixel is composed of a single endmember.
Thus, the determination of endmembers becomes a search for image pixels with the least contamination from other end-
members. These are also referred to as pure pixels. The pure pixels exhibit maximal or minimal reflectance in certain spectral
bands and correspond to vertices of a high-dimensional simplex that, hopefully, encloses most if not all pixel spectra.
. All rights reserved.
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In this paper we assume the constrained linear mixing model based on the fact that points on a simplex can be represented
as a linear sum of the vertices that determine the simplex. The mathematical equations of the model and its constraints are
given by
x ¼ Saþ r ¼
Xm

i¼1

aisi þ r;

Xm

i¼1

ai ¼ 1 and ai P 0 8i; ð1Þ
where x 2 Rn is the measured spectrum of an image pixel, S ¼ ðs1; . . . ; smÞ is an n�m matrix whose columns are the m end-
member spectra assumed to be affinely independent, the entries of a ¼ ða1; . . . ; amÞt are the corresponding abundances or
fractions of the endmember spectra present in x, and r represents a noise vector.

Endmembers may be obtained from spectral libraries for certain specific materials, or automatically from the image by a
variety of techniques [5,7,28,37,39,40]. Autonomous endmember detection has received wide attention since signatures of
various objects that may be present in an image are unknown before hand. Boardman [5] uses the framework of the geom-
etry of convex sets to identify the mþ 1 endmembers as the vertices of the smallest simplex that bounds the measured data.
However, the simplex vertices need not be image pixels and, hence, need not coincide with actual image data. Winter’s N-
FINDR method [39,40] is based on inflating a simplex within the data set to determine the largest simplex inscribed within
the data. This algorithm is computationally intensive since individual pixels need to be examined and simplex volume recal-
culated for each image pixel. Recent methods proposed by Nascimento-Bioucas [28] and Chang et al. [7] offer similar or fas-
ter performance with respect to the N-FINDR method and are based on convex optimization techniques [6]. The autonomous
endmember determination method proposed in this paper is also fast and carries little computational overhead. The method
is derived from examining a lattice based auto-associative memory that stores the hyperspectral image cube. Graña et al.,
were the first to propose the use of lattice based auto-associative memories for autonomous endmember determination
[15] as well as an evolutionary based strategy for endmember discrimination [16]. In the first approach, related to the pres-
ent work, they employed the notion of morphological independence which does not necessarily lead to finding an affinely
independent set of vectors that in some sense provides a maximal simplex within the data set. Furthermore, Graña’s algo-
rithm requires the user to choose a starting pixel and different starting pixels can produce different results. Improvements of
algorithms using the preceding approach are based on recent discoveries of algebraic properties inherent in lattice based
auto-associative memories [34] but the endmembers obtained need not be related with the hyperspectral image. The
WM method described here differs from those described by Graña [17,18] and Myers [26] as the endmembers we obtain
have a geometrical relationship to the pixels of the hyperspectral image under consideration. Our method will always pro-
vide the same sets of candidate endmembers based on theoretical facts given in this paper. To validate our proposed method,
a brief comparison is made against two new approaches based on convex optimization, namely vertex component analysis
[28] and the minimal volume enclosing simplex [7].

The paper is organized as follows. Section 2 introduces the reader to background concepts on binary lattice operations
with numbers, vectors and matrices. Lattice associative memories (LAMs) and their fundamental properties are discussed
in Section 3. The following three sections are devoted to the mathematical foundation that guarantees the correctness of
the proposed method. Specifically, Section 4 establishes the geometric description of the fixed point set of lattice auto-asso-
ciative memories. Section 5 establishes the relationships between the hyperspectral data cube, the corresponding LAMs and
their fixed point set. In Section 6, we present the theoretical results needed to prove the affine independence of the sets (or
proper subsets) of scaled column vectors derived from LAMs. Endmember determination using the WM method and con-
strained linear unmixing of hyperspectral images is presented in Section 7. Finally, a brief discussion about our proposed
method and some conclusions are provided in Section 8.

2. Lattice theory fundamentals

The computational concepts for the associative neural networks used in this manuscript are governed by the bounded lat-
tice ordered group ðR�1;_;^;þ;þ0Þ, where R denotes the set of real numbers, R�1 ¼ R [ f�1;1g;_ and ^ denote the binary
operation of maximum and minimum, respectively, + denotes addition, and þ0 denotes the dual operation of + defined by
aþ0b ¼ aþ b for any a 2 R. If a 2 R�1, then its additive conjugate is given by a� ¼ �a.

Unless stated otherwise, a vector x 2 Rn
�1 is always viewed as a column vector, i.e., x ¼ ðx1; . . . ; xnÞt , where xi 2 R�1 for

i ¼ 1; . . . ;n and t denotes the transpose. Scalar addition of a vector x 2 Rn
�1 is defined componentwise. That is, if a 2 R�1,

then aþ x ¼ ðaþ x1; . . . ; aþ xnÞt . The conjugate of x 2 Rn
�1 is defined as x� ¼ �xt . Given two vectors x; y 2 Rn

�1, then the max-
imum and minimum of x and y, denoted by x _ y and x ^ y, respectively, are defined componentwise as ðx _ yÞi ¼ xi _ yi and
ðx ^ yÞi ¼ xi ^ yi for i ¼ 1; . . . ;n. We note that the following duality De Morgan’s type identities hold: x _ y ¼ ðx� ^ y�Þ� and
x ^ y ¼ ðx� _ y�Þ�. The inequalities x 6 y and x < y mean that xi 6 yi and xi < yi, respectively, where i ¼ 1; . . . ;n. Thus, if
u ¼ x _ y and v ¼ x ^ y, then v 6 u.

As our application domain concerns only real valued vectors, we restrict our discussion to sets of vectors
X ¼ fx1; . . . ;xkg � Rn

�1 for which xn 2 Rn and n 2 K where K ¼ f1; . . . ; kg is a finite set of positive integers. With this
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restriction the operation of scalar addition is self-dual as aþ xn ¼ aþ0xn for all n 2 K and any a 2 R�1. Henceforth, we sup-
pose that X ¼ fx1; . . . ; xkg � Rn. A linear minimax combination of vectors from the set X is any vector x 2 Rn

�1 of the form
x ¼ SðXÞ ¼
_
j2J

k̂

n¼1

ðanj þ xnÞ; ð2Þ
where J is a finite set of indices and anj 2 R�18j 2 J and 8n 2 K. The expression SðXÞ given by (2) is called a linear minimax
sum. In particular any finite expression involving the symbols _;^ and vectors of form aþ xn, where a 2 R�1 and xn 2 X is a
linear minimax sum with vectors from X.

A vector x 2 Rn is lattice dependent on X if and only if x ¼ SðXÞ for some linear minimax sum of vectors from X. The vector
x is said to be lattice independent of X if and only if it is not lattice dependent on X. The set X is said to be lattice independent if
and only if 8k 2 K;xk is lattice independent of X n fxkg ¼ fxn 2 X : n – kg denoted for simplicity by Xk. In other words, X is
lattice independent if and only if xk – SðXkÞ for any set of constants fanjg � R�1 and any k 2 K.

Given two m� n matrices A ¼ ðaijÞ and B ¼ ðbijÞ with entries from R�1, then the pointwise maximum, A _ B, of A and B, is
the m� n matrix C defined by A _ B ¼ C, where cij ¼ aij _ bij. Similarly, the pointwise minimum of two matrices of the same
size is defined as A ^ B ¼ C, where cij ¼ aij ^ bij. If A is m� p and B is p� n, then the max product of A and B is the matrix C ¼ A

B, where cij ¼
Wp

k¼1ðaik þ bkjÞ. The min product of A and B is the matrix C ¼ A B defined by cij ¼
Vp

k¼1ðaikþ0bkjÞ. The two
matrix products are collectively referred to as minimax products. A vector x 2 Rn

�1 is called a max fixed point of A if A x ¼ x
and a min fixed point of A if A x = x. The mathematical theory of lattices is exposed in [4], an overview of minimax and
lattice algebra can be found in [11,31], and recent theoretical material appears in [34].

3. Lattice associative memories

Suppose X ¼ fx1; . . . ;xkg � Rn and Y ¼ fy1; . . . ; ykg � Rm are two sets of column vectors with desired association given by
the diagonal fðxn; ynÞ : n 2 Kg of X � Y where K ¼ f1; . . . ; kg. The goal is to store these vector pairs in some memory device
that recalls yn when presented with the input vector xn, for n 2 K. With each pair of vectorial associations ðX;YÞ, two canon-
ical lattice associative memories (LAMs) denoted by WXY and MXY can be defined. These matrices, of size m� n, can be ex-
pressed in terms of minimax outer products, namely
WXY ¼
k̂

n¼1

ðyn þ xn�Þ; MXY ¼
_k
n¼1

ðyn þ xn�Þ; ð3Þ
where the minimax outer product is defined as y þ x� or, componentwise, as ðy þ x�Þij ¼ yi � xj, for i ¼ 1; . . . ;m and j ¼ 1; . . . ;n.
Therefore, the entry elements of the min-memory WXY and the max-memory MXY , respectively, are defined by
wij ¼
k̂

n¼1

yn
i � xn

j

� �
; mij ¼

_k
n¼1

yn
i � xn

j

� �
: ð4Þ
The memories are called auto-associative memories whenever Y ¼ X. In this case the main diagonals of the square matrices
WXX and MXX consist entirely of zeros, i.e., wii ¼ mii ¼ 0 for i ¼ 1; . . . ;n. All entries of these matrices obey the following tri-
angle inequalities (proven as Lemma 5.1 in [34] or Lemma 3.1 in [35]):

Theorem 3.1. If h; j; ‘ 2 f1; . . . ;ng, then wj‘ þw‘h 6 wjh and mh‘ 6 mhj þmj‘.
When speaking of fixed points of the matrices WXX and MXX , we always mean a fixed point of WXX with respect to the

operation and of MXX with respect to the operation . The strengths and weaknesses of these correlation type lattice ma-
trix memories have been discussed in great detail in [30,32–34]. The following properties are pertinent to our discussion (see
proofs in [34]). Recall that, X ¼ fx1; . . . ;xkg � Rn and x 2 Rn.

3.1. WXX xn ¼ xn ¼MXX xn for n 2 K.
3.2. WXX x ¼ x if and only if MXX x ¼ x.
3.3. x is a fixed point of WXX () x is lattice dependent on X or, equivalently, x is a fixed point of MXX () x is lattice

dependent on X.

Property 3.1 establishes that WXX and MXX are perfect recall memories for uncorrupted input vectors and any positive inte-
ger k, no matter how large. Also, Property 3.2 says that WXX and MXX share the same set of fixed points represented by FðXÞ.
Hence every max fixed point of WXX is also a min fixed point of MXX and vice versa. Finally, Property 3.3 provides an algebraic
classification of the points belonging to FðXÞ.

4. The shape of FðXÞ

The algebraic classification of FðXÞ conveys little information regarding the shape of FðXÞ or its geometric relationships to
X;WXX , and MXX . These relations are key in understanding the lattice based approach to autonomous endmember detection
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and in proving the affine independence of the endmembers found by our method. The shape characterization of FðXÞ requires
some basic knowledge of vector space theory and high-dimensional Euclidean geometry. Specifically, the notions of linear
spaces, direction of linear spaces, and orientation in higher dimensional spaces are essential. A set E in a vector space V over
a field F is called a linear subspace of V if and only if for any two distinct points x; y 2 E the set Lðx; yÞ ¼ fz 2 V : z ¼
kxþ ð1� kÞy; k 2 Fg � E. It follows that in vector spaces linear subspaces are equivalent to affine subspaces (but not neces-
sarily vector subspaces) [10,19]. For spaces other than vector spaces, linear subspaces have generally no relation to affine
spaces [3]. In our subsequent discussion V ¼ Rn; F ¼ R, and the terms linear subspace and affine subspace can be used inter-
changeably. There are several linear subspaces of Rn that play a vital role in describing FðXÞ. One such set of linear subspaces
consists of lines defined by
LðxÞ ¼ fy 2 Rn : y ¼ aþ x; a 2 Rg; ð5Þ
where x 2 Rn is fixed. The connection between LðxÞ and FðXÞ is given by the following observation. If x 2 FðXÞ, then
aþ x 2 FðXÞ8a 2 R and, hence, LðxÞ � FðXÞ (see Theorem 6.2 in [34]). Another set of linear subspaces consists of specific
types of hyperplanes. Recall that a hyperplane E in Rn is defined as the set of all points x 2 Rn that satisfy an equation of
the form
a1x1 þ � � � þ anxn ¼ b; ð6Þ
where the ai’s and b are constants and not all the ai’s are zero. It follows from Eq. (6) that E is an ðn� 1Þ-dimensional linear
subspace of Rn. It will be convenient to associate a direction with a given linear subspace E of Rn and an orientation with a
given hyperplane. For this purpose we let e1; . . . ; en denote the canonical orthonormal basis for Rn; i.e., each ej is defined by
ej

i ¼ 1 if i ¼ j and ej
i ¼ 0 for i – j. In addition to the canonical basis vectors, the directional vectors pertinent to our discussion

are the vectors e and dij defined by
e ¼ e1 þ � � � þ en

ke1 þ � � � þ enk ; dij ¼
ei � ej

kei � ejk ; ð7Þ
where i < j;1 6 i < n, and 1 < j 6 n. Directions and orientations in Rn will be specified in terms of unit vectors emanating
from the origin 0 with endpoints lying on the ðn� 1Þ-dimensional unit sphere, Sn�1 ¼ fx 2 Rn :

Pn
i¼1x2

i ¼ 1g � Rn, centered
at the origin. Thus, a direction d is uniquely determined by a system of directional cosines that determines the coordinates
of d on the unit sphere. This system is defined by cos hi ¼ ei � d ¼ di where

Pn
i¼1 cos2 hi ¼ 1.

A directional vector d is a parallel direction, or simply a direction for a k-dimensional linear subspace Ek � Rn with
0 < k < n if and only if for every point x 2 Ek;xþ d 2 Ek. If DðEkÞ ¼ fd 2 Sn�1 : d is a parallel direction for Ekg, then DðEkÞ is
called the set of parallel directions affiliated with Ek and this set forms a ðk� 1Þ-dimensional subsphere of Sn�1. Also, two linear
subspaces Ek and E‘ ðk 6 ‘Þ are said to be parallel if and only if DðEkÞ � DðE‘Þ. Obviously, lines LðxÞ defined by Eq. (5) are par-
allel one-dimensional linear subspaces with affiliated parallel directions e and�e where DðLðxÞÞ ¼ fe;�eg is a 0-dimensional
subsphere of Sn�1.

An oriented hyperplane EðdÞ is simply a hyperplane E with an associated directional unit vector d which is perpendicular
to E. Since the vector �d points in the opposite direction of d, each hyperplane can be endowed with one of two possible
directions. Given two oriented hyperplanes E1ðd1Þ and E2ðd2Þ, then E1 and E2 are said to be parallel, denoted by E1kE2, when-
ever d1 ¼ �d2 or, equivalently, whenever d1 � d2 ¼ �1. If d1 � d2 – � 1, then E1 \ E2 is a linear subspace of dimension n� 2. In
case d1 � d2 ¼ 0; E1 and E2 are said to be perpendicular and denoted by E1 ? E2.

An oriented hyperplane EðdÞ separates Rn into two open half-spaces HþðdÞ and H�ðdÞ which are bounded by EðdÞ. If E is
given by Eq. (6), then E can also be expressed in terms of the function
f ðxÞ ¼ a1x1 þ � � � þ anxn � b ¼ 0: ð8Þ
We shall use the convention of identifying HþðdÞ and H�ðdÞ with the half-spaces fx 2 Rn : f ðxÞ > 0g and
fx 2 Rn : f ðxÞ < 0g, respectively. The closure of HþðdÞ is the set HþðdÞ ¼ fx 2 Rn : f ðxÞP 0g. Similarly,
H�ðdÞ ¼ fx 2 Rn : f ðxÞ 6 0g. Therefore, HþðdÞ \ H�ðdÞ ¼ EðdÞ. It is important to illustrate the geometric properties of hyper-
planes of type EðdijÞ as it is the half-spaces of these hyperplanes that determine the shape of FðXÞ. Specifically, there are
nðn� 1Þ=2 distinct hyperplanes of type EðdijÞ containing y 2 Rn, where 1 6 i < j 6 n (cf. [34]). We let
EyðdijÞ ¼ fx 2 Rn : xi � xj ¼ yi � yjg denote the unique hyperplane of type EðdijÞ containing y 2 Rn.

Example 4.1. Let the dimension n ¼ 2 and y ¼ ðy1; y2Þ
t 2 R2, then there is only one hyperplane of type EðdijÞ containing y,

namely the line LðyÞ ¼ Eyðd12Þ of slope m ¼ 1 given by x2 ¼ x1 þ b, where b ¼ y2 � y1. Explicitly, Eyðd12Þ has orientation
d12 ¼ 1=

ffiffiffi
2
p

;�1=
ffiffiffi
2
p� �

and direction e ¼ 1=
ffiffiffi
2
p

;1=
ffiffiffi
2
p� �

. Fig. 1 illustrates the three unique hyperplanes EyðdijÞ for y 2 R3. It is
easy to verify that each of the hyperplanes Eyðd12Þ; Eyðd13Þ; Eyðd23Þ contains the line LðyÞ and that the equality
LðyÞ ¼

T
i<jEyðdijÞ holds in general.

Another important geometric construction is derived from the following observation. Note that for each pair ði; jÞ with
1 6 i < j 6 3, the hyperplane EyðdijÞ in Fig. 1 is perpendicular to the ðxi; xjÞ-plane in R3. This holds true in any dimension.
The hyperplane Rn�1

i � Rn defined by Rn�1
i ¼ fx 2 Rn : xi ¼ 0g has orientation ei, and if ‘ R fi; jg, then dij � e‘ ¼ 0. Therefore,



Ey( )d13 Ey( )d23

Ey( )d12

y

L( )y

x1
x2

x3

Fig. 1. The three unique hyerplanes containing y 2 R3; their intersection is the line LðyÞ.
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EyðdijÞ ? Rn�1
‘ . The case where ‘ 2 fi; jg is of special interest. In this case, we also consider the sets SyðdijÞ ¼ EyðdijÞ \ Rn�1

‘ given
by,
Syðd‘jÞ ¼ fx 2 Rn�1
‘ : xj ¼ þbg () ‘ ¼ i; ð9Þ

Syðdi‘Þ ¼ fx 2 Rn�1
‘ : xi ¼ �bg () ‘ ¼ j; ð10Þ
where b ¼ yj � yi is constant.

Theorem 4.1. (1) If ‘ R fi; jg, then EyðdijÞ ? Rn�1
‘ , (2) Syðd‘jÞkRn�2

‘j in Rn�1
‘ and both are oriented by ej, (3) Syðdi‘ÞkRn�2

i‘ in Rn�1
‘

and both are oriented by ei , and (4) Syðdi‘Þ ? Syðd‘jÞ in Rn�1
‘ .

The shape of FðXÞ for X ¼ fx1; . . . ; xkg � Rn can be derived from hyperboxes situated in the linear subspaces Rn�1
‘ , where

‘ ¼ 1; . . . ;n. For each n ¼ 1; . . . ; k and ‘ 2 f1; . . . ;ng set xnð‘Þ ¼ xn � xn
‘ ;v‘ ¼

Vk
n¼1xnð‘Þ, and u‘ ¼

Wk
n¼1xnð‘Þ. The ‘-hyperbox

determined by v‘ and u‘ is the convex set Bðv‘;u‘Þ ¼ fx 2 Rn�1
‘ : v‘

i 6 xi 6 u‘i ; i ¼ 1; . . . ;ng. The points v‘ and u‘ are called
the minimal and maximal corners of the ‘-hyperbox Bðv‘;u‘Þ and are directly related, respectively, to the columns of matrices
WXX and MXX (see Theorem 5.1). For any value of ‘ we have the following fundamental relationships between these corners:

Theorem 4.2. For i; j 2 f1; . . . ;ng;ui
j ¼ �v j

i and v i
j ¼ �uj

i.
Corollary 4.3. Eui ðdijÞ ¼ Evj ðdijÞ; Evi ðdijÞ ¼ Euj ðdijÞ.
For i < j, we have Svi ðdijÞkSui ðdijÞ in Rn�1

i and since they are hyperplanes in Rn�1
i each separates Rn�1

i into two open half-
spaces. For any y 2 Rn�1

i we let Fþy ðdijÞ and F�y ðdijÞ denote the open half-spaces of Rn�1
i associated with the hyperplane SyðdijÞ.

The next theorem shows how the ‘-hyperboxes Bðv‘;u‘Þ are expressed as finite intersections of open half-spaces of SyðdijÞ
type hyperplanes.

Theorem 4.4. Given any ‘ 2 f1; . . . ;ng, then
Bðv‘;u‘Þ ¼
\
i<‘

F�u‘ ðdi‘Þ \ Fþv‘ ðdi‘Þ
� �

\
\
‘<j

Fþu‘ ðd‘jÞ \ F�v‘ ðd‘jÞ
� �

: ð11Þ
Note the reversal of the positive and negative half-planes in the argument of the second big intersection operator versus
those in the argument of the first big intersection operator. If ‘ ¼ 1 in Eq. (11), then the case i < ‘ does not occur and the
intersection

T
‘<j ¼

Tn
j¼2. Similarly, if ‘ ¼ n, then the case ‘ < j does not appear in the equation and the intersectionT

i<‘ ¼
Tn�1

i¼1 . These two special cases also govern subsequent equations of this type. However, if 1 < ‘ < n then
T

i<‘ ¼
T‘�1

i¼1

and
T
‘<j ¼

Tn
j¼‘þ1. We also note that whenever we have v‘

6 u‘ and strict inequality (<) does not hold, then there exists
at least one index i such that v ‘

i ¼ u‘i . Thus, if i < ‘, then Sv‘ ðdi‘Þ ¼ Su‘ ðdi‘Þ, and if ‘ < i, then Sv‘ ðd‘iÞ ¼ Su‘ ðd‘iÞ. It follows that
for each index i for which v ‘

i ¼ u‘i , the dimension of Bðv‘;u‘Þ is reduced by one. If v ‘
i < u‘i for all i – ‘, then of course Bðv‘;u‘Þ

is (n� 1)-dimensional.

If H�u‘ ðdi‘Þ;Hþv‘ ðdi‘Þ;Hþu‘ ðd‘jÞ, and H�v‘ ðd‘jÞ are closed half-spaces in Rn determined by the hyperplanes
Eu‘ ðdi‘Þ; Ev‘ ðdi‘Þ; Eu‘ ðd‘jÞ, and Ev‘ ðd‘jÞ, respectively, then Eq. (11) can also be written as
Bðv‘;u‘Þ ¼
\
i<‘

H�u‘ ðdi‘Þ \ Hþv‘ ðdi‘Þ
� �

\
\
‘<j

Hþu‘ ðd‘jÞ \ H�v‘ ðd‘jÞ
� � !

\ Rn�1
‘ : ð12Þ
The equation follows from the observation that Fþu‘ ðdi‘Þ ¼ Hþu‘ ðdi‘Þ \ Rn�1
‘ , F�v‘ ðdi‘Þ ¼ H�v‘ ðdi‘Þ \ Rn�1

‘ , Fþu‘ ðd‘jÞ ¼ Hþu‘ ðd‘jÞ\
Rn�1
‘ , and F�v‘ ðd‘jÞ ¼ H�v‘ ðd‘jÞ \ Rn�1

‘ . By setting F‘ðXÞ ¼ FðXÞ \ Rn�1
‘ , we obtain the following relationship between F‘ðXÞ and

Bðv‘;u‘Þ.
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Theorem 4.5. F‘ðXÞ � Bðv‘;u‘Þ.
This theorem simply states that F‘ðXÞ is bounded by the ‘-hyperbox. It follows from the definition of F‘ðXÞ that

FðXÞ ¼
S

a2R½aþ F‘ðXÞ� where aþ F‘ðXÞ ¼ fy 2 Rn : y ¼ aþ x; x 2 F‘ðXÞg. Similar considerations show that
EyðdijÞ ¼

S
a2R½aþ SyðdijÞ�. Thus, by Theorem 4.5 and Eq. (12) we have that
FðXÞ �
\
i<‘

H�u‘ ðdi‘Þ \ Hþv‘ ðdi‘Þ
� �

\
\
‘<j

Hþu‘ ðd‘jÞ \ H�v‘ ðd‘jÞ
� �

: ð13Þ
In order to replace the subset relationship by an equality it is necessary to let ‘ range over the set f1; . . . ;ng.

Theorem 4.6
FðXÞ ¼
\n�1

i¼1

\n
j¼iþ1

Hþui ðdijÞ \ H�vi ðdijÞ
� �

: ð14Þ
According to this theorem, FðXÞ is the intersection of particular types of half-spaces determined by the hyperplanes
Eui ðdijÞ and Evi ðdijÞ, where i < j with i ¼ 1; . . . ;n� 1 and j ¼ 2; . . . ;n. Since half-spaces are convex and the intersection of con-
vex sets is again convex, FðXÞ is a convex set. Furthermore, it follows that the boundary of FðXÞ, denoted by @FðXÞ, is given by
@FðXÞ ¼ FðXÞ \
[n�1

i¼1

[n
j¼iþ1

Eui ðdijÞ [ Evi ðdijÞ
� �

: ð15Þ
If X is a convex subset of Rn, then a hyperplane EðdÞ is said to cut X if and only if X \ HþðdÞ – Ø – X \ H�ðdÞ. If EðdÞ inter-
sects the closure of X but does not cut X, then EðdÞ is said to be a support hyperplane of X. Thus, FðXÞ is characterized by pair-
wise parallel support hyperplanes of type EðdijÞ and the maximum number of these boundary hyperplanes is nðn� 1Þ. It is
important to note that although FðXÞ has non-empty boundary, it is not a bounded set. For every point x 2 FðXÞ, the un-
bounded line LðxÞ is a subset of FðXÞ. Except for Theorem 4.5 that was proven in [34], the proofs of theorems and corollaries
given in this section, including Eq. (15), appear in [36].

5. X;WXX ;MXX , and FðXÞ relationships

If X � Rn is convex and s 2 X, then s is an extreme point of X if and only if there do not exist two points x1;x2 2 X such that
x1 – s – x2 and s 2 ½x1;x2�, where ½x1;x2� � X denotes the line segment fx 2 X : x ¼ kx1 þ ð1� kÞx2; 0 6 k 6 1g. It is well
known that a closed bounded convex set is completely specified by its extreme points. In other words, if X is a closed
bounded convex set and S � X is the set of extreme points of X, then S – £ and CðSÞ ¼ X, where CðSÞ denotes the convex hull
of S [14,19]. For instance, the points v‘ and u‘ are extreme points of the convex set Bðv‘;u‘Þ. However, they are not extreme
points of the unbounded set FðXÞ. For example, the point u‘ is a point of the line
Lðu‘Þ ¼
\
i<‘

Eu‘ ðdi‘Þ \
\
‘<j

Eu‘ ðd‘jÞ; ð16Þ
so that u‘ 2 ½u‘ � a;u‘ þ b� � Lðu‘Þ � @FðXÞ � FðXÞ for any pair of real numbers a > 0 and b > 0. Similarly, the point v‘ is a
point on the line
Lðv‘Þ ¼
\
i<‘

Ev‘ ðdi‘Þ \
\
‘<j

Ev‘ ðd‘jÞ: ð17Þ
The theoretical results embodied by the following theorems and corollaries are only stated since their proofs have been
given in [36]. We shall use the notation Wj and Mj to denote the jth column of the matrices WXX and MXX , respectively. The
relationship between the ‘-hyperboxes Bðv‘;u‘Þ and the lattice matrices WXX and MXX is given by the next theorem.

Theorem 5.1. For ‘ ¼ 1; . . . ;n;v‘ ¼W‘ and u‘ ¼M‘.

Henceforth we let
v ¼
k̂

n¼1

xn and u ¼
_k
n¼1

xn; ð18Þ
be, respectively, the minimal and maximal corners of the hyperbox Bðv;uÞ defined by the convex set
fx 2 Rn : v i 6 xi 6 ui; i ¼ 1; . . . ;ng. With each auto-associative memory WXX and MXX we build, respectively, a set of n addi-
tively scaled vectors, W ¼ fw1; . . . ;wng and M ¼ fm1; . . . ;mng defined by
wj ¼ uj þWj and mj ¼ v j þMj; ð19Þ
where uj denotes the jth coordinate value of u;v j denotes the jth coordinate value of v, and j ¼ 1; . . . ;n. As a direct conse-
quence of Theorem 5.1 we have
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Corollary 5.2. wj ¼ uj þ vj and mj ¼ v j þ uj.
Also, since the diagonals of WXX and MXX consist entirely of zeros, the jth coordinate of the vectors wj and mj are given by

wj
j ¼ uj and mj

j ¼ v j, respectively.

Theorem 5.3. u ¼
Wn

j¼1wj and v ¼
Vn

j¼1mj.
Corollary 5.4. If Lðw‘Þ ¼ LðwjÞ, then w‘ ¼ wj. Similarly, if Lðm‘Þ ¼ LðmjÞ, then m‘ ¼mj.
Another pertinent fact is the following:

Theorem 5.5. WXX ¼WWW ¼WMM; similarly, MXX ¼ MMM ¼MWW .
Since v 6 xn

6 u 8n 2 f1; . . . ; kg, then X � Bðv;uÞ and, by Property 3.1, X � FðXÞ. In addition, Bðv;uÞ and FðXÞ are convex
sets both containing CðXÞ. Therefore, X � CðXÞ � Bðv;uÞ \ FðXÞ. The set Bðv;uÞ \ FðXÞ is a convex polytope and the elements
of W [M [ fv;ug are vertices of this polytope. This last observation follows from Corollary 5.2 which implies that wj 2 LðvjÞ
and mj 2 LðujÞ. According to Eqs. (16) and (17), LðujÞ and LðvjÞ are edges of @FðXÞ. Thus, wj and mj are edge points of FðXÞ. But
the hyperplanes Euj

¼ fx 2 Rn : xj ¼ ujg and Ev j
¼ fx 2 Rn : xj ¼ v jg both have orientation ej and, therefore, both cut FðXÞ.

Since wj
j ¼ uj and mj

j ¼ v j, then fwjg ¼ Euj
\ LðvjÞ and fmjg ¼ Ev j

\ LðujÞ. Thus, wj and mj are vertex points of
Bðv;uÞ \ FðXÞ. Despite this fact, wj or mj themselves need not be elements of X.

6. Affine independence in LAMs

In this section we establish a sequence of theorems and corollaries that will aid in establishing necessary and sufficient
conditions for extracting affine independent sets of vectors from W and M. The main two theorems affecting the extraction
process will be Theorems 6.1 and 6.7.

Recall that a set S ¼ fs0; s1; . . . ; smg � Rn is said to be affinely independent if and only if the set fsj � s0 : j ¼ 1; . . . ;mg is
linearly independent. Thus linear independence, by definition, implies affine independence. It follows from the definition
of affine independence that any two distinct points are affinely independent, any three non-collinear points are affinely inde-
pendent, any four non-coplanar points are affinely independent, and in general any m points in Rn, with m 6 nþ 1, are affi-
nely independent if and only if they are not points of a common ðm� 2Þ-dimensional linear subspace of Rn. The convex hulls
of affinely independent points form the simplexes that are key in the linear mixing model defined by Eq. (1). In particular, if S
is affinely independent, then CðSÞ is an m-dimensional simplex, or m-simplex, denoted by rm or hs0; s1; . . . ; smi. Thus, a 0-sim-
plex is simply a point, a 1-simplex is a line segment determined by two affinely independent points, a 2-simplex is a triangle
determined by three affinely independent points, a 3-simplex is a tetrahedron determined by four affinely independent
points, and so on. Specifically,
rm ¼ x 2 Rn : x ¼
Xm

i¼0

aisi;
Xm

i¼0

ai ¼ 1 ; ai P 0

( )
: ð20Þ
Since any non-empty subset of an affinely independent set is also affinely independent, any non-empty subset of S con-
sisting of j 6 mþ 1 points generates a ðj� 1Þ-dimensional simplex called a ðj� 1Þ-dimensional face of rm. The ðm� 1Þ-dimen-
sional face of rm opposite the vertex si is the simplex rm�1

i whose vertices are the elements of Si ¼ S n fsig and the boundary of
rm is given by @rm ¼

Sm
i¼0rm�1

i . The first theorem of this section provides six equivalent conditions that furnish a computa-
tionally simple test for the affine independence of the sets W ¼ fwj : j ¼ 1; . . . ;ng and M ¼ fmj : j ¼ 1; . . . ;ng . Again, detailed
proofs of theorems and corollaries stated in this section can be found in [36]. In the following discussion the symbols wi and
mi will denote the ith row of W and M, respectively, that is wi ¼ w1

i ; . . . ;wn
i

� �
. Also, the vector c ¼ ðc; . . . ; cÞwill denote a con-

stant vector, where c 2 R.

Theorem 6.1. If j; ‘ 2 f1; . . . ; ng, then the following statements are equivalent: (1) wj �w‘ ¼ c, (2) v‘
j ¼ u‘j , (3) w‘ ¼ wj, (4)

mj �m‘ ¼ c, (5) v j
‘ ¼ uj

‘, (6) m‘ ¼mj .
Corollary 6.2. If j < ‘, then Ewj ðdj‘ÞkEw‘ ðdj‘Þ in Rn and Ewj ðdj‘Þ ¼ Ew‘ ðdj‘Þ if and only if wj ¼ w‘. Similarly, Emj ðdj‘ÞkEm‘ ðdj‘Þ in Rn

and Emj ðdj‘Þ ¼ Em‘ ðdj‘Þ if and only if mj ¼m‘.
In various applications examples one often obtains an overlap in the elements of W and M in that w‘ ¼mj without affect-

ing the affine independence of either set W or M. Thus, the results of the next corollary is somewhat surprising.

Corollary 6.3. w‘ ¼ aþm‘ for a 2 Rn and some ‘ 2 f1; . . . ;ng if and only if w‘ ¼mj for j ¼ 1; . . . ;n.
In light of subsequent theorems, an important consequence of Theorem 6.1 is that in order to ascertain that W or M is

affinely independent all one has to do is to check that no two vectors of W or M are identical.
Before stating the remaining theorems of this section we define certain concepts and sets that are critical in the proofs of

these theorems. If the subset Wj ¼ fwi1 ; . . . ;wijg �W is affinely independent, then it generates a ðj� 1Þ-dimensional linear
subspace Lj�1 � Rn defined by
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Lj�1 ¼ x 2 Rn : x ¼
Xj
j¼1

ajwij ;
Xj
j¼1

aj ¼ 1; aj 2 R

( )
: ð21Þ
In an analogous fashion, we let Fj�1 denote the ðj� 1Þ-dimensional linear subspace generated by an affinely independent
subset Mj ¼ fmi1 ; . . . ;mijg � M. Again, to simplify notation we let J ¼ f1; . . . ;ng; Jj ¼ J n fjg for j 2 J; Jj ¼ fi1; . . . ; ijg will de-
note some arbitrary subset of J, and for ij 2 Jj, we set J

ij
j ¼ Jj n fijg. If Wj �W is affinely independent, then for ij 2 Jj we de-

fine the linear subspace Lj�2
ij

of Lj�1 by
Lj�2
ij
¼ x 2 Rn : x ¼

X
i‘2J

ij
j

ai‘w
i‘ ;

X
i‘2J

ij
j

ai‘ ¼ 1; ai‘ 2 R

8><
>:

9>=
>;: ð22Þ
Thus we may view Lj�1 as being generated by the vertices of rj�1 and Lj�2
ij

being generated by the vertices of rj�2
ij

so that
rj�2

ij
¼ Lj�2

ij
\ rj�1. In the subsequent discussion, we shall assume without loss of generality that the elements of Jj are or-

dered so that i1 < i2 < � � � < ij and set Wj ¼W n fwjg and will also utilize the following notion. Given two subsets X and Y of
Rn, the join X � Y of X and Y is defined by
X � Y ¼ faxþ by : x 2 X; y 2 Y ; a; b P 0; aþ b ¼ 1g: ð23Þ
The join operation is commutative and associative, and if X ¼ fxg is a one-point set, then x � Y shall represent fxg � Y . To
illustrate these concepts and sets under discussion, we consider a couple of examples.

Example 6.1. Suppose that j ¼ n and W is affinely independent. In this case Jn ¼ J and Ln�1 is a hyperplane in Rn. Since
wj ¼ Ln�1 \ LðwjÞ; Ln�1 cuts the edges of @FðXÞ and, hence, Ln�1 cuts FðXÞ. We set pj ¼ Ln�1 \ LðmjÞ, P ¼ fpj : j ¼ 1; . . . ;ng,
rn�1 ¼ hw1; . . . ;wni, and let hw1; . . . ; �wi; . . . ;wni ¼ rn�2

i denote the ðn� 2Þ-dimensional face of rn�1 opposite the vertex wi.
Here the symbol �wi means that the vertex wi has been deleted so that the vertices of rn�2

i are the elements of the set
Wi ¼W n fwig. Using the elements of P we form n new sets si by defining si ¼ pi � rn�2

i . Similarly, whenever M is affinely
independent, then Fn�1 will denote the hyperplane generated by M;Q ¼ fqj : j ¼ 1; . . . ;ng, where qj ¼ Fn�1 \ LðwjÞ; sn�1 ¼
hm1; . . . ;mni; sn�2

i ¼ hm1; . . . ; �mi; . . . ;mni, and ti ¼ qi � sn�2
i . If n ¼ 2, then obviously si ¼ r0

i ¼ pi ¼ wj for i; j 2 f1;2g with
i – j. If n P 3 and X represents a random real data set, then generally pi – wj and qi – mj.
Example 6.2. If j ¼ 2 and n P 2, then L1 is simply the line determined by the two distinct points wi1 and wi2 . Since
hwi1 ;wi2 i � L1 and hwi1 ;wi2 i � FðXÞ; hwi1 ;wi2 i � L1 \ FðXÞ. Also, FðXÞ � H�

wi1
ðdi1 i2 Þ \ Hþ

wi2
ðdi1 i2 Þ; Ewi1 ðdi1 i2 ÞkEwi2 ðdi1 i2 Þ with

Ewi1 ðdi1 i2 Þ \ Ewi2 ðdi1 i2 Þ ¼£, and thus L1 \ ½Ewi1 ðdi1 i2 Þ [ Ewi2 ðdi1 i2 Þ� ¼ fwi1 ;wi2g. Therefore, L1 \ FðXÞ � L1 \ H�
wi1
ðdi1 i2 Þ\

h
Hþ

wi2
ðdi1 i2 Þ� ¼ hwi1 ;wi2 i and, hence, L1 \ FðXÞ ¼ hwi1 ;wi2 i ¼ r1. This representation of Lj�1 \ FðXÞ changes somewhat when

j > 2. Considering the case j ¼ 3, then there are three disjoint pairs of parallel hyperplanes with each pair associated with
an edge of r2 ¼ hwi1 ;wi2 ;wi3 i. It can be shown that L2 \ FðXÞ ¼ r2 [

S3
j¼1sij , where sij ¼ pij � r1

ij
, and also is equal to
L2 \
\2
j¼1

\3
‘¼jþ1

H�
wij
ðdij i‘ Þ \ Hþ

wi‘
ðdij i‘ Þ

h i
: ð24Þ
In general there exist jðj� 1Þ=2 pairs of disjoint parallel hyperplanes supporting the simplex rj�1 ¼ hwi1 ; . . . ;wij i, each
associated with a unique one-dimensional face of rj�1. Specifically, these hyperplanes are given by E

wij ðdij ijþ1
Þk

E
wijþ1 ðdij ijþ1

Þ; . . . ; E
wij ðdij ij ÞkEwij ðdij ij Þ for 1 6 j < j or E

wij ðdij�1 ij ÞkEwij�1 ðdij�1 ij Þ; . . . ; E
wij ðdi1 ij ÞkEwi1 ðdi1 ij Þ for 1 < j 6 j. Setting

pij ¼ Lðmij Þ \ Lj�1 for j ¼ 1; . . . ;j; Pj ¼ fpij : j ¼ 1; . . . ;jg; sij ¼ pij � rj�2
ij

, and assuming that Wj is affinely independent, one

can prove that Lj�1 \ FðXÞ ¼ rj�1 [
Sj

j¼1sij as claimed in Corollary 6.6. Using Theorem 4.6, it turns out that Lj�1 \ FðXÞ is also
equal to
Lj�1 \
\j�1

j¼1

\j
‘¼jþ1

H�
wij
ðdij i‘ Þ \ Hþ

wi‘
ðdij i‘ Þ

h i
: ð25Þ
By setting S
wij ðij; ‘Þ ¼ E

wij ðdij‘Þ \ Lj�1, Sþ
wij
ðij; ‘Þ ¼ Hþ

wij
ðdij‘Þ \ Lj�1, S�

wij
ðij; ‘Þ ¼ H�

wij
ðdij‘Þ \ Lj�1, etc., Eq. (25) can then be

rewritten as
Lj�1 \ FðXÞ ¼
\j�1

j¼1

\j
‘¼jþ1

Sþ
uij
ðij; i‘Þ \ S�

vij
ðij; i‘Þ

h i
: ð26Þ
Eq. (26) represents the same result in the linear subspace Lj�1 of Rn as does Theorem 4.6 in Rn. Of course, analogous rea-
soning applies to affine independent subsets of Mj ¼ fmi1 ; . . . ;mijg � M and Fj�1 \ FðXÞ as well. The next theorem classifies
the sets sij and tij as well as the vertex points pij and qij
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Theorem 6.4. If Wj is affinely independent, then for a given integer ij 2 Jj either sij is the ðj� 1Þ-simplex
hwi1 ; . . . ; �wij ; . . . ;wij ;pij i or sij ¼ rj�2

ij
and pij ¼ wir for some ir 2 Jj n fijg. Similarly, if Mj is affinely independent, then tij

is
either the ðj� 1Þ-simplex hmi1 ; . . . ; �mij ; . . . ;mj;qij i or tij ¼ sj�2

ij
and qij ¼mir for some ir 2 Jj n fijg.
Theorem 6.5. If Wj is affinely independent and wn 2W, then wn 2 Lj�1 if and only if wn 2Wj. Similarly, if Mj is affinely inde-
pendent and mn 2 M, then mn 2 Fj�1 if and only if mn 2 Mj.

A consequence of Theorem 6.5 is the geometric classification of the sets FðXÞ \ Lj�1 and FðXÞ \ Fj�1.

Corollary 6.6. FðXÞ \ Lj�1 ¼ rj�1 [
Sj

j¼1sij
and FðXÞ \ Fj�1 ¼ sj�1 [

Sj
j¼1tij .
Theorem 6.7. Let Jj be a non-empty subset of J ¼ f1; . . . ;ng. Wj �W is affinely independent if and only if wij – wi‘ for all distinct
pairs fij; i‘g � Jj. Similarly, Mj � M is affinely independent if and only if mij – mi‘ for all distinct pairs fij; i‘g � Jj.

The previous theorems and corollaries provide the tools necessary for establishing the affine independence of sets derived
from LAMs. Specifically, Theorem 6.1 together with Theorem 6.7 form the basis of a simple and efficient method for deriving
subsets of affine independent vectors from W and M. Thus, for example, if wj – w‘ for any pair fj; ‘g � J, then any non-empty
subset of W can serve as a possible set of endmembers. If set X is such that wj ¼ w‘ for several pairs fj; ‘g, then an elimination
algorithm of columns and rows from W results in an affinely independent set of vectors as described elsewhere [36]. So far, in
our tests with hyperspectral image data, the equalities wj ¼ w‘ or mj ¼m‘ for any j – ‘ do not occur and therefore we can
select subsets of W or M as candidate sets of endmembers which are affinely independent.

In most endmember detection schemes, endmembers form a linearly independent set of m points in Rn and a dark point is
chosen to obtain a large m-simplex containing most or all of X. In order for the mþ 1 points to be affinely independent, one
must assure that the dark point is not an element of the hyperplane spanned by the ðm� 1Þ-simplex defined by the m affine
independent points. Generally, the sets W [ fvg and M [ fug are affine independent. We conjecture that if v < u, then
v R Lj�1. Thus, we believe that the choice of v for the dark point remains a good one, especially in view of the fact that it
represents the low values of the actual data.
7. Hyperspectral image unmixing

In our approach to endmember determination we consider X to be the set of pixels obtained from the hyperspectral image
cube. Recall that the points v and u defined by Eq. (18) are, respectively, the minimal and maximal corners of the hyperbox
Bðv;uÞ enclosing X, and that the scaled vectors wj and mj forming the sets W and M derived, respectively, from the min- and
max-memories WXX and MXX are given by Eq. (19). The linear unmixing theory assumes that the set of endmembers are af-
finely independent. The vector wj 2W has the feature that its jth coordinate corresponds to the maximum measured reflec-
tance within the jth band of the data set X. In this sense, the elements of W can be viewed as excellent representatives of
endmembers of the data cube X. However, it is important to note that for any pair fwj;mig the inequalities wj

6mi or
mi
6 wj are generally false even though mi

j 6 wj
j ¼ uj ¼

Wk
n¼1xn

j and
Vk

n¼1xn
i ¼ v i ¼ mi

i 6 wj
i. In fact, when using hyperspectral

data one usually obtains wj
‘ < mi

‘ for several indices ‘. For this reason various elements of M may represent important end-
members as demonstrated in this section. From the material presented in Sections 4 and 5, the elements of the set
V ¼W [M [ fv;ug are vertices of the convex polytope Bðv;uÞ \ FðXÞ. Thus, the image data cube represented by X is com-
pletely contained in Bðv;uÞ \ FðXÞ and lends itself to convex hull analysis using the elements of V.

The first step of the WM algorithm is to form the memories WXX and MXX ¼ �Wt
XX and the computation of the vectors v

and u from X. The next step consists of building the sets W and M by scaling the columns of WXX and MXX , respectively. The
set V then contains all possible endmembers for analyzing X, with v representing the dark point. To find affinely independent
subsets of V we turn our attention to the sets W and M. In many but not necessarily all cases the sets W and M turn out to be
affinely and even linearly independent. Specifically, if wj – w‘ and mj – m‘ for all distinct pairs j; ‘ 2 f1; . . . ;ng, then W and
M are affinely independent (see Theorem 6.7). Thus, for example, the set W [ fvg spans an n-simplex whose vertices wj are
potential endmembers each having maximal reflectance in the jth band. Sets W and M contain always a fixed but large num-
ber of endmembers. However, prior knowledge of the desired number of endmembers or use of alternative endmember
reduction methods can be applied to eliminate unimportant candidate endmembers. Another possibility consists of a pre-
processing stage where the hyperspectral data cube dimensionality is reduced by application of a chosen technique such
as principal component analysis (PCA), minimum noise fraction transform (MNF), or adjacent band removal of highly corre-
lated bands. Such reductions are often necessary in view of storage space, available main memory, and processing speed. For
example, a hyperspectral image remotely acquired with the airborne visible and infrared imaging spectrometer (AVIRIS) of NA-
SA’s Jet Propulsion Laboratory, needs around 134 megabytes of storage space [38].

The aim of the following application examples, based on AVIRIS hyperspectral data, is to provide enough detail to dem-
onstrate the effectiveness of using the dual lattice auto-associative memories, WXX and MXX , to determine sets of endmem-
bers from which a subset of final endmembers is selected to accomplish hyperspectral image segmentation by means of
constrained linear unmixing. Other methods for autonomous endmember determination have been described elsewhere,
for example, hierarchical Bayesian models [12], minimum mutual information [17], and pattern elimination based on
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minimal Chebyshev distance or angle between vector pairs [35]. At the end of this section, linear unmixing based on the ver-
tex component analysis [28] and the minimum-volume enclosing simplex [7] approaches is described briefly, including a
comparison of algorithm characteristics between them and the proposed WM method.

Example 7.1. One of the most studied cases in mineralogical and chemical composition has been the mining site of Cuprite,
Nevada. The United States Geographical Survey (USGS) Laboratory has produced detailed maps of mineral and chemical
compound distribution at the Cuprite site. The left part of Fig. 2, shows an approximate true color RGB image with
wavelengths of 0.67 lm (red), 0.56 lm (green) and 0.48 lm (blue). The right image of Fig. 2 displays a simplified 6-false
color map, built with five representative minerals chosen from the mineral groups present in the original USGS image map
produced by Clark and Swayze in 1995 (see Table 1; assigned color is a visual aid to distinguish mineral distribution).

The USGS source image map shows only the geographical region of Cuprite where mineral distribution is prominent. It
has a width of 534 pixels out of 614 pixels available in a scan line and is formed with the lower 358 scan lines of scene
no. 3, followed by all 512 scan lines of scene no. 4, and ends with the upper 102 scan lines of scene no. 5 as registered in
flight (1997). The first 80 pixels were dropped from each scan line to obtain the region studied by USGS scientists. The AVIRIS
device acquires hyperspectral images in 224 channels; however, only 52 noiseless channels that fall within the short wave-
length infrared band are considered for mineral detection. Specifically, channels no. 169 (1.95 lm) to 220 (2.47 lm) are used
to match remote spectra against subsampled ground or laboratory spectra, since these last ones are obtained with higher
spectral resolution [8]. However, only 48 AVIRIS channels were selected for spectral matching due to the existing difference
in wavelength scale between ground and remote spectrometers. Table 2 gives the correspondence between the wavelength
scale used by AVIRIS imaging spectrometer and the reference scale of a USGS laboratory spectrometer, showing explicitly
which channels at the end of the scale were not considered. For this example, a test data cube associated with the 6-false
color map is composed of ‘‘pure” pixel spectra corresponding to the minerals listed in Table 1 and illustrated in Fig. 3; each
pixel spectra is a 48-dimensional vector.

Computation of the lattice auto-associative memories WXX and MXX is quite simple in this case. From Eq. (4), e.g., for
i; j ¼ 1; . . . ;n with n ¼ 48,
Fig. 2.
534� 9

Table 1
Represe

Desc

Alun
Calc
Kaol
Mon
Mus
Uncl
Left, RGB composite image of the mining site of Cuprite, Nevada. Right, simplified 6-false color mineral distribution map. True size of each image is
72 pixels.

ntative minerals in the cuprite site.

ription Color Area (%)

ite GDS96 (250C) red 4.2
ite CO 2004 pink 22.6
inite KGa-2 (pxl) green 10.8
tmorillonite SCa-2.b seagreen 16.1
covite CU93-1 low-Al blue 27.1
assified black 19.2



Table 2
AVIRIS and USGS spectrometers wavelength scales in microns (lm). AVIRIS channels not used for spectral sample matching are marked with ‘�’.

Channel AVIRIS USGS

212 2.388 2.386
213 2.398 2.400
214 2.408 �
215 2.418 2.418
216 2.427 �
217 2.437 2.440
218 2.447 �
219 2.457 �
220 2.467 2.466
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Fig. 3. Spectral curves of the minerals given in Table 1 (true endmembers).
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where, k ¼
Pm

p¼1jXpj ¼ 419;390 (out of 519;048 ¼ 534� 972 vectors), is the number of non-zero vectors in the data cube,
m ¼ 5 is the number of ‘‘pure” pixels, each Xp is the family of indices that correspond to pixels describing the same mineral,
and np 2 f1; . . . ; kg is the first sequential index in the data cube equal to a different spectral vector. The first equality in Eq.
(27) is a consequence of the associative property of the minimum binary operation, the second equality follows by idempo-
tency. With X reduced to fxn1 ; . . . ;xn5g, the scaled min- and max-memories are calculated in milliseconds (see Example 7.2),
and the 48 columns of each memory matrix give all candidate endmembers. Since this is a test data set for which a priori
knowledge is available about the hyperspectral image, a simple matching procedure applied to the column vectors wj 2W
and mj 2 M, together with the v and u bounds, immediately yields a subset of final endmembers.

Let Y ¼W [ fug and, for p ¼ 1; . . . ;5 and q ¼ 1; . . . ;49, let cpq ¼ qðxnp ; yqÞ, where xnp 2 X and yq 2 Y , be the linear corre-
lation coefficients between true and LAM determined endmembers. In addition, for all p, let lp ¼ max16q649fcpqg be the max-
imum correlation coefficient of each pure pixel against all potential endmembers in Y, and compute
bpq ¼ ifðcpq ¼ lp; ifðcpq P a;1; 0Þ; 0Þ; ð28Þ
where a is a parameter used to threshold correlation coefficient values and if (condition, true, false) is the usual if–then–else
programming construct expressed as a three argument function. A binary value, bpq ¼ 1, gives the row and column indices of
a ‘‘very good” match between a true endmember (row index) and the potential endmember marked as final (column index).
A similar spectral matching procedure is applied to the set Z ¼ M [ fvg.

It turns out, that all five ‘‘pure” pixels used to build the test data cube are correctly determined from both LAMs as final
endmembers, a result that is in agreement with the theoretical background developed in Sections 5 and 6. Fig. 4 displays the
set of true and final endmembers, where the curve labels give the specific element in W [M [ fv;ug whose correlation coef-
ficient, denoted by q, is highest if compared to each true endmember (‘‘pure” spectra). Final and true endmember curves are
superimposed if a perfect match exists ðq ¼ 1Þ and, to avoid signature overlapping, the bottom two curves (muscovite) are
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Fig. 4. The solid lines represent the final endmembers determined from the set W [M [ fv;ug and the dashed lines correspond to the given true
endmembers; the mineral montmorillonite is abbreviated as m.m.
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displaced �0.1 off their original normalized reflectances. As a final remark, the set fv;m1;m19;m28;w2;ug, where v is taken
as the dark point, is affinely independent and its convex hull forms a 5-simplex that encloses X.

Example 7.2. Moffett Field is a remote sensing test site on the bay of San Francisco, a few kilometers north of the city of
Mountain View, California. The site includes the Naval Air Station Moffet Field, agriculture fields, water ponds, salt banks,
and man-made constructions such as several airplane hangars which today are museums. The hyperspectral data collected
by AVIRIS is ideal for water variability, vegetation and urban studies [2,24,29]. Fig. 5, shows an RGB color image of scene no. 3
with wavelengths of 0.693 lm (red, channel 36), 0.557 lm (green, channel 20) and 0.458 lm (blue, channel 10). Several
artificial and natural resources can be extracted from the scene using only 103 noiseless channels that fall within the visible
and first half of the short wavelength infrared bands. Specifically, channels no. 4 (0.40 lm) to 106 (1.34 lm) can be used for
endmember determination. Thus, the hyperspectral cube of reflectance data is formed by 314,368 pixel spectra ð614� 512Þ
and each pixel is a 103-dimensional vector.

In this case, the specific format of the AVIRIS data file requires as a first step, the extraction of all pixel spectra line by line
to form set X ¼ fx1; . . . ;xkg � Rn, where k ¼ 314;368 and n ¼ 103. The second step performs the computation of the vector
bounds v, u of X and the scaled sets W and M, respectively with Eqs. (29) and (30), for i; j ¼ 1; . . . ;n; see also Eq. (19).
Fig.
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5. RGB composite ‘‘true” color image of scene no. 3 of the Moffett Field site in San Francisco, California. Real size of image is 614� 512 pixels.
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We point out that the scaling operation generates an ‘‘upward spike” in endmembers selected from W since wii ¼ ui, or a
‘‘downward spike” if endmembers come from M because mii ¼ v i. A simple smoothing procedure to eliminate the anomalous
spikes, considers the nearest one or two spectral samples next to wii or mii [26]. It is given, for any i 2 f1; . . . ;ng, by
yii ¼
y2;1 () i ¼ 1;
1
2 ðyi�1;i þ yiþ1;iÞ () 1 < i < n;

yn�1;n () i ¼ n;

8><
>: ð31Þ
where y equals w or m. Since Y ¼W [ fug or Z ¼ M [ fvg result in matrices of size 103� 104, each one gives all 104 column
vectors as possible endmembers. The LAMs method always gives a number of ‘‘candidate” endmembers which is either equal
or slightly less than the spectral dimensionality but in practice several contiguous columns are highly correlated. Hence,
most of these potential endmembers can be discarded using appropriate techniques.

As an alternative way to automate endmember screening, we calculate a matrix whose entries are given by the linear
correlation coefficients, cpq ¼ qðyp; yqÞ for p; q ¼ 1; . . . ;n, where yp; yq 2 Y (resp. in Z). A threshold s value is then applied
on cpq to get a subset of selected endmember pairs with low correlation coefficients. For scene no. 3 of the Moffett Field data,
s ¼ 0:005 was applied to Y (resp., s ¼ 0:0005 for Z). The resulting set is first sorted by ascending column index and after elim-
ination of repeated or contiguous indices, the number of potential endmembers is decreased from 104 to 10. On physical
ground, it should be clear, that a low correlation value between potential endmembers, does not necessarily guarantee a
clear cut criteria to obtain ‘‘good” endmembers useful to match high resolution laboratory spectra. Nevertheless, the reduc-
tion in the number of LAM column vectors is quite useful to find a smaller subset of final endmembers. Another, simpler but
supervised technique for the lattice based approach forms

ffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1
p	 


subsets, each with
ffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1
p	 


column vectors taken from
Y (resp. Z), and then, a representative from each group is selected at random as a final endmember. Thus, in this scheme, the
number of possible endmembers is always diminished one order of magnitude. Both techniques provide a reasonable num-
ber of approximate true endmembers without sacrificing spectral resolution, which, from a physical point of view, is an
advantage if compared to data dimensionality reduction techniques such as principal component analysis [13,23] or alter-
native neural network techniques [27].

Figs. 6 and 7 display the final endmember curves for scene no. 3 of the Moffett Field site determined, respectively, from
the scaled versions of WXX and MXX . Normalization of reflectance data values in spectral distributions are linearly scaled from
the range [�50,12000] to the unit interval [0,1]. For the problem at hand, the vector bounds v and u as well as many other
potential endmembers were rejected by the correlation coefficient technique described earlier.

For the unmixing stage, recall that Eq. (1) is an overdetermined system of linear equations ðn > mÞ, subject to the restric-
tions of full additivity and non-negativity of abundance coefficients as stated in the same equation. In the present case, in
matrix W (resp. M), any two column vectors are distinct and therefore its columns forms a linearly independent set of vec-
tors. It turns out that, the set of final endmembers, E ¼ fw4;w28;w49;w78;m1;m24;m78g �W [M, is a linear independent set
whose pseudo-inverse matrix is unique. Although, the unconstrained solution corresponding to Eq. (1), where
n ¼ 103 > m ¼ jEj ¼ 7, has a single solution, some coefficients are negative for many pixel spectra and do not sum up to
unity. If full additivity is enforced, again negative coefficients appear. Therefore, in this case, a reasonable choice consists
of imposing non-negativity for the abundance proportions and simultaneously, relaxing full additivity by considering the
inequality

Pm
k¼1ak < 1. Specifically, we use the non-negative least squares (NNLS) algorithm that solves the problem of min-

imizing the Euclidean norm expressed by kSa� xk2, subject to the condition a P 0. The details related to the NNLS algorithm
can be found in [21,25]. Each abundance map was obtained with the NNLS numerical method as implemented in Matlab and,
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Fig. 6. Spectral curves of final endmembers determined from Y, with corresponding resource classification; p./f. = pigmented/fresh.
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Fig. 7. Spectral curves of final endmembers determined from Z, with corresponding resource classification; s.s.c. = suspended sediment concentration.

Fig. 8. Combined abundances obtained from w4;w28, and w49. Cyan colors indicate artificial or man-made resources, e.g., urban settlements. Blue colors
show pigmented and fresh water distribution. The upper left bright blue regions correspond to evaporation ponds pigmented by red brine shrimp. Yellow
colors indicate vegetation distribution, e.g., shore-line and in-land vegetation. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
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for visual clarity, each image map has been contrast enhanced by the application of a non-linear increasing function and
abundance fractions below 0.2625 were set to zero. Figs. 8 and 9 display as false RGB color images the combined abundance
distribution corresponding, respectively to the final endmembers shown in Figs. 6 and 7. The abundance map obtained from
w78 was not incorporated in Fig. 8 due to its similarity to the abundance map generated from endmember w28. In this case,
both spectral distributions provide information about the presence of pigmented water in wet soil or wet vegetation areas.

Note that in the present situation, we are faced with no a priori knowledge about the hyperspectral image content, and
therefore, approximate resource classification is possible after the abundance maps are computed. However, a minimal base
knowledge of hyperspectral image analysis as well as a fundamental background in spectral analysis is required for proper
recognition of spectral signature characteristics in single, multiple or mixed resources. For example, in the abundance dis-
tribution shown as cyan colors in Fig. 9 (final endmember, m1), the presence of man-made or soil is clearly differentiated.
Thus, the identification labels that appear in Figs. 6 and 7 are the result of an overall spectral scrutiny, aided by a visual
match between an RGB ‘‘true” color reference image and each final endmember corresponding abundance map obtained
by constrained linear unmixing. Precise resource identification would require an exhaustive matching procedure between
each final endmember that belongs to E against high resolution signatures available in professional spectral libraries
[8,20]. Table 3 resumes the time spent by a low end personal computer (1.8 GHz processor, 512 Mb RAM, 2 Gb virtual
RAM, and 80 Gb hard disk), for each computational task performed in the analysis of scene no. 3 of the Moffet Field hyper-
spectral image. Note that tasks 5 and 7 in the analysis process are of an interactive nature but rely, respectively, on tasks 4
and 6 which are completely automatic. Specifically, tasks 2, 3, and 4 are the fundamental steps of the lattice auto-associative



Fig. 9. Combined abundances obtained from m1;m24, and m78. Cyan and seagreen colors reveal both man-made resources and different kinds of soil. Large
irregular bright green regions with grooves correspond to golf courses. Red colors show possibly algae-laden water with some concentration of suspended
sediment. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 3
Processing times in minutes for Example 7.2.

Time Task

11.23 1 Pixel spectra extraction
5.65 2 Vector bounds & LAMs computation
0.01 3 LAMs linear independence test
2.52 4 Correlated endmembers elimination
– 5 Final endmember selection
32.00 6 NNLS abundance map generation
– 7 General resource classification
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memories based technique whose computational effort is minimum in comparison to the processing times needed to per-
form the other tasks.

For a hyperspectral image of size N ¼ p� q pixels acquired over n spectral bands, the computational effort required for
pixel spectra extraction (task 1) is linear in N since n	 N. The overall computational complexity of the LAMs based tech-
nique (tasks 2, 3, 4) is n2ðN þ 3Þ which for values of n of a few hundreds is in the order of minutes (see Table 3). Endmember
determination (task 5) relies on a subset of 2

ffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1
p	 


candidate extremal vectors generated after task 4 is completed and,
although interactive in nature, m /

ffiffiffi
n
p	 


‘‘final” endmembers can be selected in a lapse of minutes. On the other hand, the
NNLS method needs about nm3 arithmetical operations to find a unique set of abundance coefficients for each pixel spectra.
Since m represents the number of final endmembers and m	 N, it turns out that for hyperspectral image segmentation the
computational complexity of the non-negative least square method (task 6) is nm3 per pixel. Finally, general resource clas-
sification (task 7) may also be accomplished within minutes whenever a working knowledge in spectral identification or
prior experience in hyperspectral image analysis is available for the problem at hand [22].

Two recent approaches to linear spectral unmixing, comparable in performance to N-FINDR and based on the geometry of
convex sets and convex optimization algorithms are vertex component analysis (VCA) [28] and the minimum-volume enclosing
simplex (MVES) [7]. Vertex component analysis is an unsupervised technique that relies on singular value decomposition
(SVD) and principal component analysis (PCA) as subprocedures, and assumes the existence of pure pixels. Specifically,
VCA exploits the fact that endmembers are vertices of a simplex and that the affine transformation of a simplex is again
a simplex. This algorithm iteratively projects data onto a direction orthogonal to the subspace generated by the endmembers
already determined. The new endmember spectrum is the extreme of the projection and the main loop continues until all
given endmembers are exhausted. Similarly, the minimum-volume enclosing simplex is an autonomous technique sup-
ported on a linear programming (LP) solver but does not require the existence of pure pixels in the hyperspectral image.
However, when pure pixels exist, the MVES technique leads to unique identification of endmembers. In particular, dimension
reduction is accomplished by affine set fitting, and Craig’s unmixing criterion [9] is applied to formulate hyperspectral
unmixing as an MVES optimization problem. Table 4 gives the main characteristics of the VCA and MVES convex geometry
based algorithms as well as the lattice algebra approach based on the W & M vector sets derived respectively from the WXX

and MXX LAMs.
Note that the proposed lattice algebra based method does not require to know in advance the number of endmembers as

specified in row 1 of Table 4. In row 2 of the same table, the numerical procedures used by VCA are SVD for projections onto a
subspace of dimension m and PCA for projections onto a subspace of dimension m� 1. Algorithm MVES first determines the



Table 4
Characteristics of three autonomous linear unmixing techniques. (1) input data, (2) endmember search numerical methods, (3) endmember search
computational complexity, (4) and (5) abundance map generation algorithm and type.

VCA MVES W & M

1 X;m X;m X
2 SVD, PCA APS, LPs LAMs, CMs
3 2m2N am2N1:5 n2ðN þ 3Þ
4 M-P inverse M-P inverse LNNS
5 unconstrained unconstrained constrained

1802 G.X. Ritter, G. Urcid / Information Sciences 181 (2011) 1787–1803
affine parameters set (APS), solves by LP an initial feasibility problem with linear convex constraints, and iteratively opti-
mizes two LP problems with non-convex objective functions. The WM algorithm computes first the scaled min- and max
LAMs and their corresponding correlation coefficient matrices (CMs) for further endmember discrimination. Abundance
coefficients are determined in the VCA and MVES algorithms using the Moore–Penrose (M–P) pseudo-inverse and, as ex-
plained earlier, the WM algorithm makes use of the non-negative least squares method (LNNS). Computational complexity
given in row 3 is expressed as a function of the number of endmembers m, the number of pixels or observed spectra N, the
number of iterations a, and the number of spectral bands n. These expressions assume that N 
 n � m2 and consider only
the computations required by the numerical endmember search methods. Although the M–P inverse operation is faster
than the LNNS numerical method for the calculation of the abundance coefficients for all pixels in the input image X, we
favored the LNNS algorithm since it enforces fraction positivity and consequently allows for a better rendering of the
corresponding abundance maps.

We remark that since VCA and MVES require to know in advance the number m of endmembers to be found, their appli-
cation to a real hyperspectral image must probe all values of m in a specified interval, e. g., from 1 to mmax. Hence, if no a priori
information is known about the number of pure pixels existing in a hyperspectral image, the computational performance for
finding endmembers and determining their abundance fractions increases respectively, to 2N

Pmmax
m¼1 m2 and aN1:5Pmmax

m¼1 m2,
which are proportional to m3

maxN and am3
maxN1:5. Therefore, in practical situations, overall complexity of our proposed WM

method is lower by one order of magnitude than VCA though better in performance than MVES. Furthermore, the VCA
and MVES Matlab codes provided by their respective authors were applied to specific subimages of Examples 7.1 and 7.2
producing similar results to those obtain by the WM technique.

8. Conclusions

We presented a new tool to find a set of endmembers in a given hyperspectral image. The mathematical foundation of the
autonomous stage in the proposed method is based on several algebraic and geometric properties derived from the set of
fixed points of lattice auto-associative memories. Given a set X of n-dimensional pixel spectra, we have shown that the sets
W and M derived from the column vectors of the WXX and MXX lattice matrices, including the bounds {v, u}, provide all can-
didate endmembers. In fact, an important contribution of the proposed method is that each candidate endmember is related
geometrically with the given hyperspectral data since the jth coordinate of wj corresponds to the maximal measured reflec-
tance in the jth band and similarly, the jth coordinate of mj corresponds to the minimal measured reflectance in the jth band.
Determination of all potential endmembers is computationally fast since only a single scan of the hyperspectral image cube X
is required. However, determination of final endmembers relies on appropriate reduction techniques, such as, discrimination
by non-contiguous maximal difference correlation values or random selection of a single representative endmember in con-
tiguous equal sized blocks of candidate endmembers. We remark that the extraction of ‘‘pure” pixels is problem dependent
and needs a certain degree of a priori knowledge for proper spectral identification of resource materials against available
spectral libraries. In the final stage, abundance coefficients were computed using the NNLS numerical algorithm from which
resource distribution images have been illustrated for a typical application example in hyperspectral imagery. Comparison
with other recent developments such as VCA and MVES methods shows that our WM method is an alternative competitive
solution for hyperspectral image unmixing.
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