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Abstract

A challenge in the physical design of n-scroll attractors is to generate a large number of scrolls.
However, an open question is: Does the large number of scrolls determine a better chaotic behavior? We
present a partial answer to this question by computing the Lyapunov exponents for piecewise-linear (PWL)
functions based on n-scroll third order chaotic oscillators, namely: Zhong modified Chua’s circuit, Yu
modified Chua’s circuit, saturated function series based chaotic oscillator, and generalized Chua’s circuit
with saw-tooth function. Three different integration methods (forward Euler, fourth order Runge Kutta and
Matlab® ODE 45) are used in order to show that the positive Lyapunov exponent is not significantly
incremented in relation with the number of scrolls.

Keywords: Lyapunov exponent, Multiscroll oscillators, scroll number, chaos

1. Introduction’

Chaotic oscillators have been investigated
to generate n-scroll attractors [1]. Some of
them can be modeled by piecewise-linear
(PWL) approach, so that the nonlinear problem
can be transformed to a linear one. Four known
third order PWL-function-based n-scroll
attractors are: Zhong modified Chua’s circuit
[2], Yu modified Chua’s circuit [3], saturated
function series based n-scroll chaotic oscillator
[4], and generalized Chua’s circuit with saw-
tooth function [5]. These oscillators have
already been realized by using electronic
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devices [1]-[5], and the challenge has been
oriented to generate a large number of scrolls.
Also, as an application, they have been already
proposed in the secure communications field
[6,7]. However, an interesting question not
considered by the research community is: Does
the large number of scrolls determine a better
chaotic behavior? The answer to this question
may involve different perspectives for future
research. Here, we present a partial answer
focused on the calculation of the Lyapunov
exponents in PWL-function-based n-scroll
attractors.

Since control of chaotic systems is still
subject of research [8]-[10], some approaches
to compute the Lyapunov exponents have been
introduced in [11]-[15]. In chaotic oscillators,
there is at least one positive Lyapunov
exponent, showing not only that the dynamical
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system is unpredictable [13], but also they are
used to determine the asymptotical stability
[14]. Furthermore, from all the Lyapunov
exponents, the bigger exponent determines the
predictability of dynamical systems and almost
often is considered as a good metric to
guarantee chaotic behavior. For instance, the
Lyapunov exponents have been calculated in
the double scroll chaotic oscillator [16],
Colpitts oscillator [17], modified Lorenz
system [18], hysteretic system [19], MOSFET-
based electronic circuit inducing chaos [20],
Jerk function based circuit [21], and
inductorless Chua's circuit [22].

In this paper we will show some relations
between the number of scrolls and the value of
the positive Lyapunov exponent in PWL-
function-based  attractors by  numerical
computations. That way, the descriptions of
four PWL-function-based n-scroll chaotic
oscillators are given in Section 2. In Section 3,
we review an approach to compute Lyapunov
exponents. In Section 4 we show the relation
between the number of scrolls and the value of

i = alx, —x - g(x,)),

Xy, =X, —X;, + X5,

Xy = =[xy,
2n-1

the Lyapunov exponents for the four PWL-
function-based chaotic oscillators. Finally, the
conclusions are given in Section 5.

2. PWL-function-based multiscroll chaotic
oscillators

The chaotic oscillators described herein
are third order systems with PWL-based
functions. Some characteristic issues are the
mathematical tractability, since partial
solutions can be obtained; and the easy change
in the attractor shape, due to the system
dependence on the PWL-function.

a. Zhong modified Chua’s circuit

Chua’s circuit has been realized with
different kinds of electronics devices [1], a
modification on the nonlinear function is given
by (1), and leads us to, generate up to 10-scroll
attractors [2]. The values of the coefficients are
given in section 4, in order to compute the
Lyapunov exponents.

g(x))=m,_,x +%Z(mi—l _mi)(lxl +bi|_|xl _bi!) (1)
i-gq

b. Yu modified Chua’s circuit

Based on (1), a later modification of
Chua’s parameters system [3] allows to
calculate breakpoints thus leading to generate
n-scroll attractors in an iteratively manner. The
used expression (2) requires only the first
break-point of the PWL function and calculates
the rest. Two slopes are subsequently repeated.
The values of the coefficients are given in
Section 4 to compute the Lyapunov exponents.

2Z(mj -m;_ p;
= J

1+m

b

i1 -b, @

i

c. Saturated function series based n-scroll
chaotic oscillator

Another interesting generator of n-scroll
attractors is the one based on saturated
function series. It has been realized with
some electronic devices [4],[23], and it can
be extended to generate multidimensional n-
scroll attractors [24]. This oscillator is
described by (3), and the values of the
coefficients are given in section 4 to
compute the Lyapunov exponents.
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X =X,
Xy = X3

X, =—ax, —ax, — ax, +af(x1;k,h,p,q)

(_2q+1)k, if x>qh+1
k(x—ih)+2ik, if x-ih<l, —p<i<gq
f(x;k,h,p,q)ﬂ Qi+,  if ih+l<x<(i+1)h-1 3)
-p<i<g-1
{ —(2p+1)k, if x<-ph-1.

d. Generalized Chua’s circuit with saw-tooth
function

Chua’s circuit can be generalized in
different ways: by a nonlinear function with
positive and negative slopes [1], by adding
more break-points to Chua’s diode [2],[3], by a
saw-tooth function [5] or other non PWL

where f(x;) is given by (5) to generate
even scrolls, and by (6) to generate odd scrolls
[5]- The values of the coefficients are given in
Section 4 to compute the Lyapunov exponents.

X = a(xz _fl(xl))=

Xy =X, — X, + X5,

approaches. For the last case of concern, the x; =-px,,

generalized Chua’s circuit is described by (4), 4)
1 i N-1

£i(e)=&x, - 4| sgn(x, )+ > (sgn(x, +2id,)+sgn(x, - 2iA1))] )
L i i=0
{ [ N-1

£i(x)= 5{ x = 4| D (sgn(x, + (2i +1)4 )+ sgn(x, - (2i +1)4, ))}} (6)
L [ i=0

3. Calculation of Lyapunov exponents

The Lyapunov exponents can be
computed by applying the methods given in
[11]-[15]. They provide information on the
average exponential rate of divergence or
convergence of trajectories which are very
close in phase space. The number of Lyapunov
exponents equals the number of state variables
in a dynamical system, and if at least one is
positive, this is an indication of chaotic
behavior. In this section we introduce the used
method to calculate the Lyapunov exponents in
third-order PWL-function-based n-scrolls
attractors. To guarantee the validity of the

results, the integration process is performed by
applying three different numerical integration
methods, namely: forward Euler (FE), fourth
order Runge Kutta (RK4) and Matlab ODE 45.
The method is summarized as follows [25]:

1. Initial conditions of the system and the
variational system are set to X and I,
respectively.

2. The systems are integrated by several steps
until the orthonormalization period 7O is
reached. The integration of the variational
system Y=[y;, y» yi;/ depends on the
specific Jacobian that the original system
X is using in the current step.
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3. The variational system is orthonormalized
by using the standard Gram-Schmidt
method [26], the logarithm of the norm of
each Lyapunov vector contained in Y is
obtained and accumulated in time.

4. The next integration is carried out by using
the new orthonormalized vectors as initial
conditions. This process is repeated until
the full integration period 7 is reached.

5. The Lyapunov exponents are obtained by

using;
| &
N 3 i

J=TO

Time step selection was made by using
the minimum absolute value of all the
eigenvalues of the system 4,,, [27], and ¥ was
chosen well above the sample theorem as 50.

Sl

t, = -
step l_:_ LII

We choose to give an orthogonalization
period TO of about 95 £, which is a third of
the period corresponding to the maximum
central frequency of the chaotic system. The
integration was carried in about 500,000 steps,
thus having a full period T of 10,000s for the
saturated series system, 3200s for the Yu
Chua’s system and 4,000s for the rest. Initial
conditions were X, = [0.1, 0, 0] in all cases,
where the ergodicity property implies that 4; is
unique as 7 —> oo,

4. Relation between the number of
scrolls and the Lyapunov exponent

The calculation of the Lyapunov expo-
nents for the Zhong modified Chua’s circuit [2]
described by (1), is performed by setting: a=10,
[mo..mg]=[-4.416, -0.276, -3.036, -0.276, -
3.036, -0.276, -3.036, -0.276, -3.036, -0.276],
[b....bo]=[0.1, 1.1, 1.55, 3.2, 3.85, 5.84, 6.6,
8.7, 9.45] to generate even scrolls, and
[by...bo]=[0.8, 1.4, 3.2, 3.9, 5.8, 6.4, 8.3, 9.2]
to generate odd scrolls. However, some
different values of constant £ from 15 to 10.3

were required to really generate the n-scroll
attractors with the chosen integration step. The
selection of » depends on the number of scrolls,
2n for even numbers or 2n-1 for odd number.
These parameters allowed generating up to ten
scrolls. The results of the positive Lyapunov
exponent are shown in Table 1, the maximum
second exponent was A, = 0.008 for the FE
process, A, ~ 0.003 for the RK4 process and A,
~ 0.002 for the ODEA45 process. The negative
exponent A3 € [-7.994 to -6.895] show a
decrease in magnitude as A, increases.

Lyapunov exponents where calculated for
the same system [3] under the parameters
a=9.47, p=14, 13, 10 for 2, 3-10 and 11-15
scroll attractors, respectively; my=m,=...=m,,,
m;=mz—...—mM;3 with my = -1.41, m; = -0.528
for odd n-scrolls, and my, = -0.528, m; = -1.41
for even n-scrolls; thus having /b,...5;,] = [0.2,
0.665, 1.07, 1.53, 1.93, 2.4, 2.8, 3.26, 3.66,
4.13, 4.53, 4.99, 5.39, 5.86] for odd n-scrolls
and /b,..b;3] = [0.2, 0.544, 0.944, 1.29, 1.69,
2.03, 2.43, 2.78, 3.18, 3.52, 3.92, 4.26, 4.66]
for even n-scrolls. The results of the positive
Lyapunov exponent are shown in Table 1 the
maximum magnitude of the second exponent
was Ay~ 0.005 for the FE process, A, = 0.008
for the RK4 process, and A, = 0.001 for the
ODEA45 process. The negative exponent A3 € [-
491 to -3.99] show an irregular decreasing
magnitude as A, increases.

For the saturated function series based
chaotic oscillator described by (2), the
calculation is performed by setting: a=0.7,
k=10, h=2; p and q are adjusted to generate
several scrolls. The results of the positive
Lyapunov exponent are shown in Table 1. The
maximum second exponent was A, ~ 0.01 for
the FE process, A, =~ 0.0008 for the RK4
process as well as the ODE45 process. The
negative exponent A3 € [-0.86 to -0.78] show
an increasing magnitude as A, increases.

For the generalized Chua’s circuit with
saw-tooth function described by (3), the
calculation is performed by setting: a=10,
p=16, £&=0.25, A;=1. It is worthy to mention
that for this oscillator, the Jacobian is always
the same for any number of scrolls (2N or
2N+1), so that the Lyapunov exponent is
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Table 1
Calculation of the positive Lyapunov exponent
Zhong Modified Chua Yu Modified Chua
Scrolls FE RK4 Matlab ODE45 FE RK4 Matlab ODE45
2 0.40884 0.23720 0.24144 0.43009 0.41390 041119
3 0.49882 0.36999 0.37958 0.46237 0.40714 0.41378
4 0.50620 0.41298 0.41808 0.47426 0.42061 0.40292
5 0.52163 0.41002 0.41051 0.48414 0.39354 0.40152
6 0.55911 0.44154 0.43760 0.41400 0.38767 0.40267
7 0.57303 0.44652 0.45613 045197 0.39254 0.38952
8 0.63320 0.49336 0.51609 0.48472 0.41582 0.42209
9 0.64162 0.53176 0.51772 0.47069 0.39259 0.40155
10 0.68270 0.52967 0.54934 0.48958 0.65408 0.66798
11 0.70011 0.66261 0.66900
12 0.68698 0.65842 0.68653
13 0.69638 0.66850 0.66162
14 0.68121 0.66582 0.67615
15 0.70895 0.67435 0.68519

08 T T T T T T
O Zhong Mod. Chua : : : :
—b— Yu Mod. Chua :
0.7 { —8— Saturated Function|-- - =
——— Generalized Chua
E g ;
(O]
=
8
x
L]
>
o
=
- 8
Q A
© 8
= X
~y .
E :
é 3
= z
4

6 8 10 12 14
Number of scrolls

Fig. 1: Comparison of the maximum Lyapunov exponent vs number of scrolls of the four chaotic
’ oscillators by applying ODE45 integration (solid line), RK4 integration (dotted line) and FE
integration (dashed line). Note that this is a discrete-valued plot.
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2.25 T T

Kap an-Yor«e dimens'on

O Zhong Mod. Chua []
—— Yu Mod. Chua

@ —+8— Saturated Function
—»— Generalized Chua
2 : i ; ; '
2 4 6 8 10 12 14 16

Number of scrolls

Fig. 2: Kaplan-Yorke dimension of the attractors obtained in ODE45 integration (solid line), RK4
integration (dotted line) and FE integration (dashed line). Note that this is a discrete-valued

plot.

invariable (somehow as [21]). Here, we have
introduced a short extra slope to give
continuity to the nonlinear function. The result
of the positive Lyapunov positive exponent is
A = 0.41394, 0.40363, 0.40415 for FE, RK4
and ODEA45, respectively. The other exponents
were A, = 0.001 and A3 = -3.41.

The results are summarized in Figure 1,
where the obtained exponents have been joined
by a line to remark the use of identical
parameter set and to show each integration
process. Discontinuities recall for the different
values of parameter f which was adjusted to
generate the attractors at the given integration
step. The Kaplan-Yorke dimension (Lyapunov
dimension) was also calculated and is shown in
Figure 2 according to:

A+ +.. +4

|2
"2+l

d, =j+

Where all Lyapunov exponents are ordered
in decreasing order and j is the index of the
smallest nonnegative exponent. The bigger
dimension of the saturated function series
system indicates less contraction over the
trajectories.

5. Conclusion

The behavior of the positive Lyapunov
exponent of four third order PWL-
function-based n-scroll attractors has been
computed by using the ODE45 package in
MATLAB and by applying FE and RK4
algorithms. Convergences show that the
same precision is achieved with more
simulation time, since the
orthogonalization is the same; i. e. the
convergence of the computed values
depended on the integration algorithm.
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From the obtained results, we
conclude that the relation between the
number of scrolls in third order dynamical
systems, and the Lyapunov exponent (4;)
does not introduce an important trade-off,
because the variation of the values is very
small, especially if compared with the
variation produced by a change in the
system parameters as reveals the
discontinuous lines of the graphics. In this
manner, from the electronic design point of
view, it could be comparable to generate
few scrolls since the generation of a large
number of scrolls leads us to large circuits,
while the Lyapunov exponents are quite
similar, A complete parameter space
analysis is always required.

Among the four simulated systems, it
is clear that the most regular is the
generalized Chua because of its constant
Jacobian, each scroll evolve in the same
manner generating new initial conditions
for the next one. The sum of all its
Lyapunov exponents is approximately

constant, since Zl,. ~V-f [13] where

x = f(x), some inaccuracies are present due

to the extra slope used in the computations.
The saturated function series system exhibited
the same property for all the simulations, this
time, with great accuracy. In contrast, both of
the modified Chua’s systems seem to be less
dissipative as the positive Lyapunov exponent
grows.

Finally we remark that chaotic behavior is
quite complex to analyze, since local
Lyapunov exponents have probe to be very
different to the mean exponent as reveals [28];
thus, working in the attractor shape can still
bring new useful results.
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