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Many fields interaction: Beam splitters and waveguide arrays
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We study the interaction of many fields. We obtain an effective Hamiltonian for this system by using a
method recently introduced that produces a small rotation to the Hamiltonian that allows to neglect some
terms in the rotated Hamiltonian. We show that coherent states remain coherent under the action of a
quadratic Hamiltonian and by solving the eigenvalue and eigenvector problem for tridiagonal matrices we
also show that a system of n interacting harmonic oscillators, initially in coherent states, remain coherent
during the interaction.
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1 Introduction

Major efforts have been directed towards the generation of nonclassical states of electromagnetic fields,
in which certain observables exhibit less fluctuations (or noise) than in a coherent state, whose noise is
referred to as the standard quantum limit (SQL). Nonclassical states that have attracted the greatest inter-
est include (a) macroscopic quantum superpositions of quasiclassical coherent states with different mean
phases or amplitudes, also called ”Schrödinger cats” [1–5], (b) squeezed states [2, 6], whose fluctuations
in one quadrature or the amplitude are reduced beyond the SQL, and (c) the particularly important limit
of extreme squeezing, i.e. Fock or number states [7]. It is well known that such nonclassical states of the
field are very sensitive to interference with an environment; for instance, although a coherent state subject
to dissipation keeps its form during the dynamics, a superposition of coherent states (any field state may
be written as a superposition of coherent states) will produce a mixed state that has lost all its nonclassical
properties.

Because of the importance of this problem, it has been considered already by several authors, for in-
stance Mista [8] discussed a Hamiltonian including third-order terms but preserving some special coherent
states. Several Hamiltonians, with time-dependent and random frequencies, have been also considered in
connection with preserving coherence [9–12]. Sánchez-Soto and Bernabeu [13] also considered a similar
problem for generalized coherent states associated with arbitrary Lie groups.

Consider the master equation for a field in a lossy cavity at zero temperature

dρ

dt
= γ(2aρa† − a†aρ− ρa†a) (1)

with a (a†) the annihilation (creation) operator for the cavity mode, γ the decay constant and ρ the density
matrix. If the initial state of the cavity field is a coherent state |α〉, then the dynamics shows that it will decay
in time as |αe−γt〉 (see for instance [14]). However, for no other states this occurs. One possible answer
about why the coherent states preserve its form during decay is the fact that coherent states are eigenstates
of the annihilation operator, but this argument does not hold for a dissipative two-photon process [15]

dρ

dt
= γ(2a2ρa†2 − a†2a2ρ− ρa†2a2) (2)
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even though coherent states are also eigenstates of the annihilation operator squared (so do even and odd
coherent states [16]).

Both equations above are obtained using Born-Markov approximations [2,15]. In the case in which such
approximations are not used, i.e. when the interaction between a harmonic oscillator and a set of harmonic
oscillators (the environment) is considered, it is not clear how a coherent state decays. Here we will try
to answer this question. First, we will consider the interaction between two fields, to later generalize the
result to a field interacting with many. In particular, we will give expressions in terms of polynomials for
eigenvectors of the matrices that diagonalize the Hamiltonian for the interaction of many fields.

2 Two fields interacting: beam splitters

Consider the Hamiltonian of two interacting fields (we set � = 1)

H = ωaa
†a+ ωbb

†b+ λ(a†b+ b†a). (3)

This interaction occurs in beam splitters, however it may also be obtained by the interaction of two quan-
tized fields with a two-level atom when the fields are far from resonance with the atom, in this case an
effective Hamiltonian may be obtained, which has the form of the above Hamiltonian [17]. By transform-
ing to the interaction picture, i.e. getting rid off the free Hamiltonians, we obtain

HI = Δa†a+ λ(a†b+ b†a), (4)

with Δ = ωa − ωb, the detuning. It is useful to define normal-mode operators by [18]

A1 = δa+ γb, A2 = γa− δb, (5)

with

δ =
2λ

√
2Ω(Ω − Δ)

, γ =

√
Ω − Δ

2Ω
(6)

and Ω =
√

Δ2 + 4λ2 the Rabi frequency. The annihilation operators A1 and A2 are just like a and b, and
obey the commutation relations

[A1, A1
†] = [A2, A

†
2] = 1; (7)

moreover, the normal-mode operators commute with each other

[A1, A2] = [A1, A
†
2] = 0. (8)

In terms of these operators, the Hamiltonian (3) becomes

HI = μ1A
†
1A1 + μ2A

†
2A2, (9)

with μ1,2 = (Δ ± Ω)/2.
Up to here, we have translated the problem of solving Hamiltonian (3), into the problem of obtaining

the initial states for the ”bare” modes in the initial states for the normal modes. In order to have a way of
transforming states from one basis to the other, we note that the vacuum states in both systems, |0〉a|0〉b
and |0〉A1 |0〉A2 , differ only by a phase [18]. First note that

A1|0〉a|0〉b = 0, (10)

www.ann-phys.org c© 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



404 R. Mar-Sarao et al.: Many fields interaction: Beam splitters and waveguide arrays

and in a similar way, it may be seen the other normal-mode annihilation operator,A2, has the same effect.
We choose the phase so that

|0〉a|0〉b = |0〉A1 |0〉A2 . (11)

If we consider coherent states as initial states for the interaction, we obtain the evolved wavefunction

|ψ(t)〉 = e−it(μ1A†
1A1+μ2A†

2A2)Da(α)Db(β)|0〉a|0〉b,
= e−it(μ1A†

1A1+μ2A†
2A2)Da(α)Db(β)|0〉A1 |0〉A2 (12)

where the Dc(ε) = exp(εc† − ε∗c) is the Glauber displacement operator [19]. From (5), we can write the
operators a and b in terms of the operatorA1 and A2, and write (12) as

|ψ(t)〉 = e−it(μ1A†
1A1+μ2A†

2A2)DA1(αδ + βγ)DA2(αγ − βδ)|0〉A1 |0〉A2 .

Passing the exponential in the above equation to the right, applying it to the vacuum states and using the
following property

Dc(ε1)Dc(ε2) = Dc(ε1 + ε1)e
1
2 (ε1ε∗2−ε∗1ε2), (13)

we obtain

|ψ(t)〉 = DA1([αδ + βγ]e−iμ1t)DA2([αγ − βδ]e−iμ2t)|0〉A1 |0〉A2

= |[αδ + βγ]e−iμ1t〉A1 |[αγ − βδ]e−iμ2t〉A2 . (14)

Equation (14) shows that in the new basis, coherent states remain coherent during evolution.
By transforming back to the original basis, using again property (13), we obtain

|ψ(t)〉 = |δ[αδ + βγ]e−iμ1t + γ[αγ − βδ]e−iμ2t〉a|γ[αδ + βγ]e−iμ1t − δ[αγ − βδ]e−iμ2t〉b,
i.e. coherent states remain coherent during evolution. This will be used next section as the building block
for the interaction of many modes.

3 Generalization to n modes

Consider the Hamiltonian of the interaction of k fields

H =
n∑

j

ωjnj +
n∑

j �=i

λij

(
a†iaj + aia

†
j

)
. (15)

This Hamiltonian may be produced in waveguide arrays. From the Hamiltonian above, we can produce the
following matrix

M =

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎝

ω1 λ21 . . . λn1

λ12 ω2 . . . λn2

λ13 λ23 . . . λn3

. . . . . .

. . . . . .

λ1n λ2n . . . ωn

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎠

. (16)

We can rewrite the Hamiltonian in the form (9), that is

H =
n∑

m

μmA
†
mAm, (17)
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such that
[
Ak, A

†
m

]
= 0, (18)

where we have defined the normal-mode operatorsAk as

Ak =
n∑

i=1

rkiai, (19)

with rki a real number.
Equation (18) implies that

[
Ak, A

†
m

]
=

n∑

i,j=0

rkirmj

[
ai, a

†
j

]
=

n∑

i

rkirmi = 0. (20)

By defining the vector

�rk = (rk1, rk2, . . . , rkn) , (21)

Eq. (20) takes the form �rk · �rm = 0, i.e. the vectors �rk are orthogonal; we will consider them also normal-
ized, �rk · �rk = 1. With these vectors we can form the matrix

R =

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎝

r11 r21 . . . rn1

r12 r22 . . . rn2

. . . . . .

. . . . . .

. . . . . .

r1n r2n . . . rnn

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎠

. (22)

If we combine Eqs. (15), (17) and (19), we obtain the system of equations
∑

m

μmr
2
mi = ωi, (23)

∑

m

μmrmirmj = λij , (24)

that may be re-expressed in the compact form

RDR† = M =

⎛

⎜
⎜
⎜⎜
⎜
⎜
⎝

ω1 λ21 . . . λn1

λ12 ω2 . . . λn2

λ13 λ23 . . . λn3

. . . . . .

. . . . . .

λ1n λ2n . . . ωn

⎞

⎟
⎟
⎟⎟
⎟
⎟
⎠

, (25)

with

D =

⎛

⎜
⎜
⎜⎜
⎜
⎜
⎝

μ1 0 . . . 0
0 μ2 . . . 0
0 0 . . . .

. . . . . .

. . . . . .

0 0 . . . μn

⎞

⎟
⎟
⎟⎟
⎟
⎟
⎠

, (26)

i.e. D is a diagonal matrix whose elements are the eigenvalues of the matrix M , defined from the Hamil-
tonian. The matrix R is thereforeM ’s eigenvectors matrix.
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4 A particular interaction

Now we study a particular interaction, namely when λij = λ if j = i + 1 or j = i − 1 and it is zero
otherwise. The frequencies ωi are left arbitrary. The Hamiltonian governing this interaction then has an
associated tridiagonal matrix of the form

M =

⎛

⎜
⎜
⎜
⎜⎜
⎜
⎝

ω1 λ 0 . . 0
λ ω2 λ 0 . 0
0 λ ω3 . . 0
. . . . . .

. . . . . λ

0 0 . . λ ωk

⎞

⎟
⎟
⎟
⎟⎟
⎟
⎠

. (27)

We can use some properties of this matrix to find the eigenvectors; in particular, the characteristic polyno-
mial for this matrix is given by the recurrence relation

F0(μ) = 1, F1(μ) =
μ− ω1

λ
, Fn(μ) =

(μ− ωn)
λ

Fn−1(μ) − Fn−2(μ), (28)

and the normalized eigenvectors are simply

�rj =
1

√
Nj

⎛

⎜
⎜
⎜
⎜⎜
⎜
⎝

F0(μj)
F1(μj)
...
...
Fn−1(μj)

⎞

⎟
⎟
⎟
⎟⎟
⎟
⎠

, (29)

with Nj =
∑n−1

k=0 F
2
k (μj), such that the matrix elements of the matrix R are given by

rij =
Fi−1(μj)√

Nj

. (30)

5 Coherent states as initial fields

The solution to the Schrödinger equation, subject to the Hamiltonian (15), with all the modes initially in
coherent states, |ψ(0)〉 = |α1〉1|α2〉2 . . . |αn〉n, is simply the direct product of coherent states

|ψ(t)〉 = |�r1 · �β(t)〉1|�r2 · �β(t)〉2 . . . |�rn · �β(t)〉n , (31)

with �β(t) = (�r1 ·�αe−iμ1t, �r2 ·�αe−iμ2t, . . . , �rn ·�αe−iμnt) and the vector �α = (α1, α2, . . . , αn) is composed
by the coherent amplitudes of the initial wave function. Up to here, we have shown that the interaction of
several modes, initially in coherent states, does not change the form of those states (remain coherent), but
modifies their amplitudes. If we choose the interaction constants to be λ1j �= 0 for j �= 1 and the rest as
zero, we are dealing with the interaction between one field and n− 1 fields. If n→ ∞ and the amplitudes
αj are zero for j > 1, we deal with the interaction of one field with n− 1, one of them in a coherent state
with amplitude α1 and the rest in the vacuum. Therefore, the most likely situation we have is the coherent
state decaying towards the vacuum while keeping its coherent form.
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6 Conclusions

We have shown that coherent states remain coherent under the action of a quadratic Hamiltonian; this is an
expected and known result. By solving the eigenvalue and eigenvector problem for tridiagonal matrices of
the form (27), we have also shown that a system of n interacting harmonic oscillators, initially in coherent
states, remain coherent during the interaction. In particular, if one considers one field (harmonic oscillator)
interacting with many fields (harmonic oscillators), i.e. consider only λ1j �= 0 and λj1 �= 0 for j > 2,
and all the others to be zero, we can model non-Markovian system-reservoir interaction. If we consider
the system to be in a coherent state and all the others fields, that form the environment in a vacuum state
(this is also in coherent states with zero amplitude), after evolution the amplitude of the coherent state
will diminish, as one photon will go to another mode, keeping its coherent nature. If the number of modes
that form the environment is very large, an event of the photon going back to the system is quite unlikely.
Therefore, the next probable event is precisely the loss of another photon by the system, etc. until it arrives
to a state close to the vacuum. In case the number of modes interacting with the system is infinite, then
the vacuum would be the final state of the system. In other words, the total system perform the following
transition

|α〉1|0〉2 . . . |0〉n → |δ1〉1|δ2〉2 . . . |δ2〉n, (32)

where the coherent amplitudes, δk → 0, as n→ ∞.
In conclusion, we have given a complete algebraic solution to the problem of n interacting harmonic

oscillators, without Born-Markov approximations.
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