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We report the calculations of vectorial nonlinear properties of rubidium vapor for 87Rb D2 transition at moderate
intensities. The results are comparedwith self-rotation and diffraction experiments. Different fromKerr nonlinear-
ity, optimal intensity exists here, which depends on beam geometry. For intensities close to the optimal, the
vectorial mechanism is much more efficient than a scalar one, and strong self-action for wide beams can be
obtained with it. © 2012 Optical Society of America
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1. INTRODUCTION
Rubidium vapor for laser frequency, close to the transition
frequency, is well known as nonlinear optical medium [1].
Strong self-action effects, including pattern formation, were
observed in it with high power focused beams. For theoretical
description, the nonlinearity is usually taken in a simple scalar
Kerr form [2]. For laser frequency far enough from the transi-
tion, the Kerr coefficient can be obtained from the two-level
model as a result of saturation; the nonlinear addition to re-
fractive index is proportional to light intensity I and inversely
proportional to the detuning cube Δ3 [1]:

n2 ∼ I ∕Δ3: (1)

For multilevel atoms and strong laser fields, however, the
effects of atomic coherence can become important. In this
case the level populations alone are not sufficient to explain
the medium response to light, and it is necessary to consider
phase information of atomic state or a density matrix. The co-
herent effects actively studied actually include among others
electromagnetically induced transparency [3], dark states [4],
and nonlinear magneto—optical effects [5]. Polarized light is
important in creating atomic coherence, and thus nonlineari-
ties can be strongly modified (enhanced or diminished) by
manipulations with light polarization. Complicated vectorial
nonlinear effects are observed in rubidium as well. Particu-
larly, applications such as ultralow energy optical switching
[6], squeezed vacuum generation [7–9], precise magnetometry
[10,5], slow light [11], Doppler spectroscopy [12], and non-
linear resonances [13] are related to the nonlinear modifica-
tion of the polarization state of light. There are analytic
solutions for saturated absorption spectra using rate equations
of the rubidium [14]. Though general mechanisms are quite
well understood, an adequate theoretical description for ex-
perimentally important intensities and detunings is difficult
because of the multilevel structure of rubidium transition.

We present results of nonlinearity calculation, based on the
direct solution for density matrix evolution in the 87Rb D2 line.

The solution procedure is similar to the one reported in
[15,16]. The model, though it is numerically intensive, does
not have fitting parameters and the results are in good quali-
tative agreement with experimentally observed nonlinearity
behaviour. The results show that the vectorial interaction
for intensities typical of tunable semiconductor lasers do
not demonstrate a simple Kerr character suggested by
Eq. (1). Instead, there is an optimal light intensity, for which
the nonlinearity is the highest, and this optimal intensity de-
pends on time of flight (beam diameter). The nonlinearity has
nontrivial spectral dependences as well.

For moderate light intensities in the 10 mW ∕mm2 range,
the optimal cross-phase modulation (manifested in three-
wave mixing experiments) can be much more effective
than the standard Kerr self-phase mechanism. Further non-
linearity enhancement can be obtained by using elliptic
polarization combined with weak longitudinal magnetic
field. We perform experiments, which confirm the general
validity of the theoretical description. Since the nonlinearity
can be positive in a part of the Doppler-broadened line, it is
possible to obtain an exponential amplification of weak sig-
nal beams through modulation instability mechanism, using
appropriate parameters such as beam geometry, intensity,
and polarization. This process, in 87Rb Fg � 2 transition
for beam intensities in 10 mW ∕mm2 range, gives net gains
in excess of 100 and relative gains (taking into account
absorption) in excess of 1000; thus it can lead to strong beam
profile modification upon propagation, which is also demon-
strated.

2. THEORETICAL MODEL
We work with a basis of circular polarization amplitudes
σ1, σ2, and we use the equivalent Rabi frequencies Ω1, Ω2.
The two components of nonlinear medium polarization can
be written, when we take the account into the rotational sym-
metry of problem, for longitudinal magnetic field in the form
(i � 1, 2)
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Pi � Fi�jσ1j; jσ2j�σi � Fi�Ω1;Ω2�σi: (2)

For experimentally important intensity levels, the medium
polarization is not meaningfully represented as a series in
powers of amplitudes. The physical situation that we consider
is an interaction of a strong pump beam with a weak probe.
The probe slightly changes the pump intensity and/or polari-
zation state, and the additions are assumed to be small.
The nonlinear interaction in a number of practically interest-
ing cases is given by a 2 by 2 matrix, estimated for the pump
parameters and proportional to

∂F1

∂Ω1
Ω1

∂F1

∂Ω2
Ω2

∂F2

∂Ω1
Ω1

∂F2

∂Ω2
Ω2

: �3�

Such a matrix appears when we consider the first ap-
proximation of the three-wave mixing, including the strong
pump and a pair of weak symmetric side orders. The matrix
eigenvectors give the proper polarizations of side beams,
which are maintained along propagation, and corresponding
eigenvalues give equivalent Kerr constants for a polarization
in question. Mathematically, the problem for proper polariza-
tion is then reduced to a scalar Kerr interaction, which gives a
well-known modulation instability type solution for positive
eigenvalues.

Solving the eigenvalue problem for the matrix Eq. (3) is
trivial once the medium polarization in the function of Rabi
frequencies is known. In particular, for linear polarization
of a pump (Ω1 � Ω2) and zero magnetic field, the matrix is
symmetric, and there are two proper polarizations of probe
beam, corresponding to parallel to pump �σs;1 � σs;2� and
orthogonal to pump �σs;1 � −σs;2� linear polarization. Their
eigenvalues are

η� � ∂F1

∂Ω1
Ω1 �

∂F1

∂Ω2
Ω2; for Ω1 � Ω2 � Ω: (4)

The η� coefficient describes the self-phase modulation, and
it gives the usual scalar Kerr nonlinearity. The η− coefficient
determines an interaction of a linearly polarized pump beam
with orthogonally polarized signal beam. We also note that η−
gives the difference of refractive index for two circular com-
ponents in response to the polarization ellipticity, i.e., this
coefficient describes the amount of polarization self-rotation.
Thus, η− is easily determined in the experiment directly. The
ellipticity coefficient ε is determined as follows [17]:

tan ε � σ2 − σ1
σ2 � σ1

: (5)

Following [18], to calculate medium polarizations we use the
master equation for density matrix ρ evolution:

∂ρ

∂t
� �i ∕ℏ��ρ; H� �

X

q�−1;0;1

CqρC�
q −

1
2
�C�

q Cqρ� ρC�
q Cq�; (6)

where H is the Hamiltonian of an atom, and Cq, C�
q are low-

ering and raising atomic operators:
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q ��; (7)

with a decay rate Γ, and Clebsch-Gordan coefficients for
coupling ground and excited states sublevels [19].

The evolution given by the Eq. (6) is calculated numerically
for a characteristic time of flight τ, using a fast special
algorithm described in [15,16]. The derivatives in Eq. (3)
are calculated numerically using close values of Rabi frequen-
cies for a necessary number of detunings (typically around
100). After this, the convolution with Doppler lineshape is
performed, which gives the approximation to experimentally
observable spectra. Different from other calculations with full
level structure of 87Rb D2 line reported in literature, we do not
assume equivalent steady state with some effective level
pumping, and we solve for complete time evolution. Thus,
our calculation has no fitting parameters but requires much
more computational effort.

3. RESULTS OF NUMERICAL MODELLING
We first concentrate on the case of zero magnetic field
and linear pump polarization in Fg � 2 87Rb D2 line
(780.24 nm). The interest in this particular transition is due
to two reasons. First, in this line the highest three-wave mix-
ing gain is observed for intensities in 10–30 mW range of laser
power, and second, calculations in 87Rb are somewhat faster
than in 85Rb because of smaller sublevel number for this iso-
tope. For this numeric model we considered a temperature of
300 °K, (density of the vapor 1 × 1013 cm−3) and the Doppler
broadened linewidth about 500 Mhz.

The spectra of cross-phase modulation coefficient η− prove
to be strongly dependent on the time of flight and light inten-
sity (Figs. 1 and 2). The character of the curve changes in a
nontrivial way. The parameter, which describes the shape of
the curve, is approximately the “exposition” W � Iτ. In parti-
cular, the curve giving the biggest η− for a given time of flight is
well described by the condition W � const. However, smaller
intensities and bigger flight times (wider beams) give some-
what higher maximal nonlinearity values in a positive spike
(Fig. 1). For a negative spike the difference is small. The
action of making intensity higher with a fixed time of flight
is similar to making bigger the time of flight with a fixed
intensity (Fig. 2). With fixed beam diameter, there are two
optimal light intensities that are close to 2 mW ∕mm2 and
34 mW ∕mm2. The smaller characteristic intensity gives posi-
tive nonlinearity at the red-shifted wing of the line. For beams
of ∼1 mm diameter, the optimal intensity has an order of
1–10 mW ∕mm2. By raising this intensity approximately one
order of magnitude, the positive spike is eliminated, and the
negative one appears at the opposite wing of the line. Raising
intensity above the second optimal value gives diminished
nonlinearity (Fig. 2) and extends the spectrum to the high-
frequency region.

Thus, the cross-phase modulation inside the absorption line
manifests itself as a substantially transient effect, which has
complicated dependence on the time of flight.

The nonlinearity can be further enhanced with a combina-
tion of a weak magnetic field and elliptic polarization of a
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pump (either of these factors separately diminishes nonlinear-
ity strength). For higher intensities, both the elliptic polariza-
tion and the magnetic field are necessary for a bigger maximal
nonlinearity. For a low intensity (2.1 mW ∕mm2) and linear
polarization we observed that the positive peak of the
cross-phase modulation spectra is reduced depending on

the magnetic field applied (Fig. 3). The relative importance
of different nonlinear processes near the lower optimum in-
tensity is shown in Fig. 4. It is seen, that for moderate intensity
one can expect approximately an order of magnitude nonli-
nearity strength growth if vectorial nonlinearity is used in-
stead of a traditional Kerr one. Figures 5 and 6 show that
the nonlinearity is increased when the magnetic field is ap-
plied, until it reaches a maximum, and it decreases
for still higher fields. When we have a small ellipticity
(ε � −0.061) it reaches a maximumwith a small magnetic field
(B � 0.51 G); for a greater ellipticity (ε � −0.116) we need a
bigger magnetic field value (B � 0.87 G). For a given time of
flight and intensity there is only one combination of ε and B
which gives an optimal nonlinearity.

Note also that the signs of scalar and vectorial nonlinearity
are generally opposite. This feature is quite useful from the
experimental point of view if we are interested in weak beam
amplification. It is possible to obtain positive nonlinearity at
the red-shifted wing of 87Rb, and this wing does not overlap
with 85Rb line. Thus, natural rubidium can be used instead of
isotopically pure rubidium.

Fig. 1. Cross-phase modulation spectra in Fg � 2 line for two inten-
sities (a) 8.54 mW ∕mm2 and (b) 0.53 mW ∕mm2, both with different
times of flight. The zero frequency corresponds to Fg � 2, Fe � 2
transition.

Fig. 2. Cross-phase modulation spectra in Fg � 2 line for time of
flight 8.2 μs and different intensities.

Fig. 3. Cross-phase modulation spectra for linear polarization,
time of flight 8.2 μs, intensity 2.1 mW ∕mm2, and different magnetic
fields. The inset shows the maximum absolute value of each spectra
in function of magnetic field.

Fig. 4. Curve 1: zero magnetic field, η�. Curve 2: zero magnetic
field, η− with ellipticity ε � 0. Curves 3 and 4: two eigenvalues for
ellipticity ε � −0.061, and magnetic field B � 0.51 G. Time of flight
8.2 μs, intensity 2.1 mW ∕mm2.
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In Fg � 1 transition, the qualitative behavior is quite similar
to Fg � 2 line. Here,W � Iτ better describes the curve shape,
than for Fg � 2; thus we show only the intensity dependence
with fixed time of flight (Fig. 7). We can see that the charac-
teristic intensity, for which the cross-phase modulation is
maximal, is approximately 10 times smaller than for Fg � 2,
and the maximal value of nonlinearity is ∼2.5–3 times lower.
The advantage for cross-phase modulation and enhancement
with elliptic polarization and magnetic field are observed as
well, though the gain is smaller here (Figs. 8, 9). Experimen-
tally, as well as in theory, for the same geometry, temperature,
and corresponding optimal intensities, the diffraction effi-
ciency obtained in Fg � 2 is higher; thus we concentrate
mainly on this line. However, for high diffraction efficiency
in Fg � 2 with beams of ∼1 mm diameter, laser powers
10–20 mW are needed, and for Fg � 1, 1–2 mW it is sufficient.

Note also that to enhance the nonlinearity in Fg � 1 transi-
tion we need a magnetic field with an opposite sign with
respect to that one for Fg � 2 transition (Fig. 8).

The theoretical results are obtained for constant light inten-
sity and polarization. They suggest that the nonlinearity of in-
terest depends on the whole history of atom illumination, thus

the nonlinearity is strongly non-local. The calculation for the
center of uniform cylindrical beam can be made exactly by
averaging over the arrival times, but calculations for variable
intensity beams (in particular, for Gaussian beams and/or in-
terference fringes) will result in further order of magnitude
increase of calculation times, which are already quite big.
Thus, for comparison with experiment we limit ourselves
to qualitative features that follow from the theory, and we
do not try exact curve fitting.

4. EXPERIMENT
In our experiments, we used 75 mm long natural rubidium cell
placed inside two protective shells made of μ-metal. The elec-
tric heater was placed between the two shells. Longitudinal
magnetic field is produced with a solenoid. We were using
50 mW tunable external cavity diode laser.

First, we performed measurements of self-rotation with a
simple setup described in [20]. The polarization state of in-
coming light was changed by a quarter-wave plate, rotated
by �6 degrees. The beam passed through the cell, and its
two orthogonally polarized components were sent through
polarizing beamsplitter to two photodiodes. The beamsplitter
rotation angle was adjusted in order to have equal photodiode
readings outside of absorption lines. The two photodiode

Fig. 5. Eigenvalues for ellipticity ε � −0.061 and different magnetic
fields. Time of flight 8.2 μs, intensity 2.1 mW ∕mm2. The inset shows
the maximum absolute value of each eigenvalue in function of
magnetic field.

Fig. 6. Eigenvalues for ellipticity ε � −0.116 and different magnetic
fields. Time of flight 8.2 μs, intensity 2.1 mW ∕mm2. The inset shows
the maximum absolute value of each eigenvalue in function of
magnetic field.

Fig. 7. Fg � 1 transition, cross-phase modulation spectra for time of
flight 8.2 μs and different intensities.

Fig. 8. Fg � 1 transition, curve 1: zero magnetic field, η�. Curve 2:
zero magnetic field, η− with ellipticity ε � 0. Curves 3 and 4: two
eigenvalues for ellipticity ε � −0.119, and magnetic field B �
−0.73 G. Time of flight 8.2 μs, intensity 0.53 mW ∕mm2.
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signals were digitally subtracted and filtered. Finally, the
curves for �6 and −6 degrees (which have opposite signs)
were subtracted again and divided by a photodetector reading
outside the line. This magnitude is proportional to rotational
angle in question [21]. In order to minimize the absorption in-
fluence, we performed measurements at room temperature
(T � 22 °C). The results for two different beam diameters
are presented in Figs. 10 and 11. The first beam was obtained
by expanding the laser output with a telescopic system. The
measured beam radius (called r) inside the cell (at 1 ∕ e inten-
sity level) is r � 0.82� 0.02 mm. The narrow features are
due to the reflection from the back window of the cell, which
is difficult to avoid for beams with a wide diameter. For nar-
row beam of Fig. 11, an inclination of a cell is sufficient to
eliminate the influence of reflection.

The second set of curves was obtained by loosely focusing
a beam with big focal length lens into a cell, which produced
Gaussian beam radius of 0.17� 0.02 mm. In both cases a
0.5 mm diameter diaphragm was placed in a far field before
the detecting beamsplitter to measure the rotation in a beam
centre.

The behavior of these curves is generally consistent with a
theoretical analysis in Figs. 1 and 2. In particular, the optimal

light intensity is clearly seen for both beam widths. For more
narrow beams, the optimal intensity, proportional to P ∕ r2 (P
is a beam power), is bigger than for a wider one, and the max-
imal obtainable rotation angle is somewhat smaller.

To compare the relative strengths of self-phase modulation
and the cross-phase modulation process we have crossed a
strong pump beam, P � 19 mW, r � 0.58 mmwith a weak sig-
nal beam (0.6 mW) at a small angle of 7 mrad. The setup was
similar to that one used in [15]. The cell was heated to 78 °C to
obtain better diffraction efficiency, though for such tempera-
tures the absorption is not small. As a result, diffraction in a
conjugated order can be observed. To detect weak diffraction
on the background of a strong pump beam wing we were
chopping the signal beam with 0.5 kHz frequency and measur-
ing the photodetector output in a conjugate order with a lock-
in amplifier in function of laser frequency across the line. The
signal beam polarization could be changed from parallel to
orthogonal with a half-wave plate. Additional quarter-wave
plate served to make both pump and signal elliptically polar-
ized. Though the diffracted wave intensity is not directly
proportional to the nonlinearity strength here, the relative
importance of different processes is clearly seen in Fig. 12.

Fig. 9. Fg � 1 transition, eigenvalues for ellipticity ε � −0.119,
and different magnetic fields. Time of flight 8.2 μs, intensity
0.53 mW ∕mm2. The insert shows the maximum absolute value of each
eigenvalue in function of magnetic field.

Fig. 10. Self-rotation signal for different beam powers. The Gaussian
beam radius is r � 0.82 mm. The behavior in 87Rb Fg � 2 tran-
sition (left spike) qualitatively corresponds to the theoretical curves
in Fig. 2.

Fig. 11. Self-rotation signal for different beam powers. Similar to
Fig. 10, but the Gaussian beam radius is r � 0.17� 0.02 mm.

Fig. 12. Spectral dependences of pump beam transmission through
the cell (fine line) and diffracted wave intensity for different combina-
tions of signal and pump polarizations. We have two signals with po-
larizations parallel to pump and orthogonal to pump, respectively,
both with linear polarization of pump and zero magnetic field. Dashed
line is for a pump beam ellipticity ∼0.07 and a magnetic field
B � 0.58 G. The results in 87Rb Fg � 2 transition (left spike) are
related to the theoretical curves in Fig. 4.
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For linearly polarized pump, the orthogonal polarization of
signal gives much bigger diffracted signal than the parallel
polarization. By making a pair polarization elliptical with a
common quarter wave plate and applying a weak magnetic
field, the diffraction strength can be further enhanced.

By comparing this to Fig. 4 we see that the theory ade-
quately describes the general behavior of diffraction.

The diffraction efficiency in function of beam intensity for a
constant intensity ratio of signal to pump 0.03 is shown
in Fig. 13.

It is seen, that the diffraction efficiency does not generally
grow with pump beam intensity, but the optimal intensity is
observed.

Since the nonlinearity for a cross-phase modulation is
positive, it is possible to observe strong exponential amplifi-
cation for a pair of conjugated signal beams as a result of
modulation instability process. The signal and pump wave in-
tensities after the cell for close to optimal values of ellipticity
and magnetic field are shown in Fig. 14. The output beam pat-
tern for this process is shown in Fig. 15(b). It is seen that net
amplifications of more than 100 and relative amplifications of
∼1000 are easily obtained even for an unfocused beam with
r � 0.58 mm. To avoid saturation of gain, the signal beam has
to be much weaker than the pump (the ratio is ∼1∶10000).

For high gains the absorption is quite big (Fig. 14), and to
obtain bigger self-action effects, the beam shape has to be ma-
nipulated. The intensity diminishes along the path due to the
absorption, and this can be at least partly compensated by
making the beam narrower along propagation. The simplest
way of doing this is by means of a cylindrical lens. By adjust-
ing polarization state and magnetic field, strong self-action ef-
fects can be observed in this geometry. We used a 20 cm focal
length lens, which was focusing the beam approximately 5 cm
after the cell. Some results are presented in Fig. 15. The break-
up pattern appears for polarization and magnetic field para-
meters close to observable modulation instability range.
The particular breakup pattern is highly sensitive to beam
shape and to the parameters which affect the nonlinearity
strength. In particular, symmetry loss is observed to a smaller
or bigger extent.

5. CONCLUSION AND DISCUSSION
In conclusion, the numerical solution of the full density matrix
evolution equation permits good estimation of factors affect-
ing vectorial nonlinearity strength in rubidium vapor, and it
provides useful guidelines for experiments. It follows that
for obtaining strong nonlinear effects at moderate intensities
it is necessary to adjust polarization state, light intensity, mag-
netic field and beam geometry—all of these factors contribute
significantly. Simply increasing the light intensity can be
counterproductive and cause the decreased nonlinearities.
Strong self-action can be obtained with vectorial mechanism

Fig. 13. Diffraction efficiency in a conjugated beam for B � 0, linear
pump polarization, and cross-polarized signal beam in function of la-
ser power. Circles: ratio of diffracted beam intensity to input pump
beam intensity. Squares: ratio of diffracted beam intensity to output
pump intensity. The difference is due to absorption, which is intensity
dependent. All values are taken for the laser frequency giving maximal
diffracted beam intensity.

Fig. 14. Pump intensity (solid line) and signal intensity (dashed) for
P � 24 mW, T � 95 °C, pump beam ellipticity 0.07, and magnetic field
B � 0.56 G. Signals are normalized to unity at maximum.

Fig. 15. (Color online) Far-field images of a beam shape after a
cylindrical lens for elliptic pump polarization obtained with 7°. rota-
tion of quarter wave plate. Temperature 98 °C (a) Fg � 1 line, zero
magnetic field, the signal wave position is marked by an arrow.
(b) Modulation instability amplifies the signal and conjugate order,
Fg � 1 line center, beampower 2.5mW,magnetic field 1.2 G. (c) Pump
beam shape modification for the conditions of image b. (d) For Fg � 2
transition the pump is further broken into a number of spots: beam
power 27 mW, magnetic field 1.8 G. The vertical size of images
corresponds to 20 mrad.
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in beams, which are not tightly focused. The resulting nonli-
nearity is unusually complicated and nonlocal.

One of our purposes here was to demonstrate strong self-
action in beams. We concentrated on Fg � 2 line, because
working with this line produces larger effects with tunable
semiconductor laser. In Fg � 1 transition, the effects which
are significant, but smaller can be obtained with one order
of magnitude lower laser power.

The nonlinearity enhancement resulting from vectorial me-
chanism can be demonstrated for a three-level lambda config-
uration, for which the calculation can be done analytically.
This approximation is discussed in [22]. We do not reproduce
this analysis here because the three-level configuration in a
steady state is clearly insufficient to describe in detail the ob-
served behaviour. The advantage of the reported numerical
modelling is a possibility to compare the theoretical descrip-
tion directly with an experiment without fitting parameters.
The numerical approach, however, does not identify relatively
simple level configurations which are directly responsible
for the effect. Such identification can be important for better
qualitative understanding of the mechanism.

In the investigated cases (see Figs. 4 and 8) the main part
the nonlinearity enhancement is due to the cross-phase mod-
ulation, without the magnetic field. Introducing elliptic polar-
ization and magnetic field can result in relatively smaller
addition. However, this small addition can produce very
significant effects when the balance between absorption
and exponential amplification is important, for example, in
pattern generation [1]. The enhancement due to the magnetic
field is seen in the experiment, as well as in the numerical
modelling, but which is a minimal level configuration leading
to it, is not clear for a moment.
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