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Abstract: In Digital Holography there are applications where computing a
few samples of a wavefield is sufficient to retrieve an image of the region of
interest. In such cases, the sampling rate achieved by the direct and the
spectral methods of the discrete Fresnel transform could be excessive. A
few algorithmic methods have been proposed to numerically compute
samples of propagated wavefields while allowing down-sampling control.
Nevertheless, all of them require the computation of at least two 2D discrete
Fourier transforms which increases the computational load. Here, we
propose the use of an aliasing operator and a single discrete Fourier
transform to achieve an efficient method to down-sample the wavefields
obtained by the Fresnel transform.
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1. Introduction

Digital Holography (DH) requires to numerically compute samples of a wavefield propagated
from an interference pattern (formed by the light scattered from the objects in a scene and the
light of a reference wave) recorded by a digital camera (CCD or CMOS).

The discrete Fresnel transform (DFreT) has been widely used in DH to numerically
compute arrays of samples of propagated wavefields. The DFreT can be directly implemented
using the so called direct method, in which case a single two-dimensional discrete Fourier
transform (2D DFT) is required. In the direct method, the sampling rate (inverse of the
sampling period) of the recovered wavefield depends on the aperture of the recording camera,
the recovery distance d, and the recovery wavelength A [1-3]. The DFreT can also be
implemented with the spectral method where a convolution approach requiring the
computation of at least two 2D DFTs is used [1-3]. In the spectral method, the sampling rate
remains equal to that of the digital camera independently of d and 4 [1-3].

The modification of the sampling rate in the propagated wavefield is of interest in several
applications, as highlighted in [3-9]. This modification can be interpreted as a digital zoom
operation. In [3], the existing zoom algorithms were classified according to the number of the
required chirp multiplications and 2D DFTs. The modified spectral method [3], the double
direct method [4], the chirp z transform method [5], the Rhodes light tube method [6] and the
convolution approach with magnification method [7], all require three chirp multiplications
and at least two 2D DFTs. In [8], a method that requires the computation of more than two 2D
DFTs was proposed, which consists in computing first the angular spectrum method and then
a form of direct method to obtain samples of the propagated wavefield over a tilted plane. In
[9], a method based on zero padding the input array (interference pattern) and then using the
direct method to compute the required sampled wavefield was proposed. Such a method can
only be used to increase the sampling rate with regards to that obtained with the direct
method. An advantage of the latter method is that it requires computing only a single 2D
DFT, although when a very large sampling rate should be obtained this 2D DFT could be
more time-consuming than the 2D DFTs required by the methods reported in [3-8].

The appropriate sampling rate depends on the frequency content of the propagated
wavefield to be sampled. In DH, this frequency content is due to the recorded scene and the
impulse response of the recording system [10]. The numerically reconstructed wavefield
obtained by the Fresnel transform directly applied to the interference pattern (without any sort
of filtering or processing) is composed of a DC term (the reference wave multiplied by the
addition of the reference wave intensity and the object wave intensity), a real image and a
virtual image of the recorded scene [1,2]. If an off-axis set-up is used during the recording
process, these components are recovered spatially separated [2,3,11]. In such a case, and if a
conjugate reference wave is used for reconstruction, the undistorted real image would contain
frequency components mainly given by the original recorded scene.

When the scene to be recorded is static, the recording set-up can be adjusted or modified
to maximize the frequency content in the captured interference pattern. Nevertheless, there are
applications that need to record changing scenes and thus the recording set-up cannot be
modified, for instance in digital holographic particle tracking velocimetry [12]. In that sort of
applications, scenes with smooth objects could be recorded and the region of interest in the
propagated wavefield would contain mainly low frequency components. In such case, the
sampling rate obtained by the direct or the spectral method could result excessive. Any of the
algorithmic methods in [3-8] can be used to reduce the recovery sampling rate, but with the
cost of requiring the computation of at least two 2D DFTs. The method in [9] that requires a
single 2D DFT cannot be used to reduce the sampling rate, but only to increase it.

A common practice in DH to reduce the sampling rate is to use the direct method on a
truncated input array (a segment of the interference pattern recorded by the digital camera).
Nevertheless, this method is equivalent to use a smaller aperture than that of the original
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digital camera and thus the resolution of the recovery system and the reconstructed wavefield
is modified [10]. Further, if smooth objects are being recorded, truncation could eliminate
relevant information required to recover a complete image of the objects. The latter happens
since the light scattered from smooth objects spread out slowly (near field propagation), and
thus impinges only on small regions of the digital camera during the recording process.

In this paper, we propose a method that uses an aliasing operator and a single 2D DFT to
down-sample the propagated wavefield under the sampling rate obtained by the direct method
of the DFreT. First, a formulation of the DFreT is described. Then, the use of an aliasing
operator is proposed to introduce down-sampling control without modifying the resolution of
the recording system. Finally, the usefulness of our proposal is demonstrated for digital
holography when off-axis set-ups are used in the recording process.

2. The discrete Fresnel transform

In the next description of the DFreT we consider that it is directly applied over the product of
the interference pattern recorded by the digital camera and the conjugate complex reference
wave. Here, this product is referred to as h(m,n). The size and sampling rate of the
interference pattern are given by the characteristics of the digital camera. We consider that the
digital camera (CCD or CMOS) is an array of N, x N, pixels with sampling periods of A, in
the x-axis and A, in the y-axis, thus the physical size of the interference pattern is (N,A,) X
(NyA)) = L, x L. Given h,(m,n) for 0<in<N,-1 and 0<h<N,-1, the DFreT can be used to
compute samples of the wavefield in the ¢-n plane propagated at a distance d from the
interference pattern in the x-y plane. The computed array of samples is a window of Nz x N,
elements with sampling periods of A in the {-axis, and A, in the y-axis, thus the physical size
of the sampled wavefield is (N:Ap) x (N,A,) = L: X L,. Here, the computed array of samples is
referred to as I'(k,/), and defined for 0<k<N;-1 and 0</<N,-1.

The DFreT can be implemented with the direct method as

(k) = p(k,[)x DFT,, { f (m,n)}, n

where DFT,p, is a 2D discrete Fourier transform, and

flm,n)= h,(m,n)xexp[iﬁ(m—%+n—%)}xexp{i%{(m_%)z AXZ +(n_%)2 A)‘Z}}; 2)

bl 27 A NP A SN S PR A RN
p(k,l)—/idexp(lld]xexp{zld[(k 2)A5 +(l 2)A,] } 3)

The terms N,/2, N,/2, NJ2 and N,/2 in Eq. (2) and Eq. (3), and the complex exponential
explin(m-NJ2 + n-N,/2)] in Eq. (2) are introduced to align the symmetry center of the
complex exponentials to the center of processed arrays.

For the direct method of the DFreT, it is assumed that N: = N, and N, = N,. In this case,
the sampling periods A: and A,, and in consequence the sampling rates (1/A: and 1/A,), are
given by

_Ad Ad A_/id_ld
® NA, NA~ 7 NA NA
The sampling rates produced by Eq. (4) achieve an optimal sampling considering the
maximum physical resolution that the propagated wavefield can reach [1,2]. Nevertheless,
when high frequency components are not required to be recovered but only low frequency
components, it could be preferred to obtain sampled wavefields with smaller sampling rates
than those obtained by the direct method.
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3. Down-sampling the Fresnel transform

By analyzing Eq. (4), it can be inferred that the sampling rates can be modified by changing
the size of the array to be transformed. Expressions for the size of the new array are obtained
by working out Ny and N, from Eq. (4). Thus, the number of elements in the new array should
be given by

.= Ad N, = Ad '

AfA\’ A’YA.\’

In Eq. (5), the desired sampling rates 1/A: and 1/A, should be defined. It is important to
highlight that since N; and N, should be integers, the sampling rates can only vary in discrete
steps defined by 1/A: = aA/Ad and 1/A, = bA,/id for positive integer values of a and b. A
direct alternative of down-sampling (N<N, and/or N,<N,) is truncating the input array
(interference pattern); in this case, the wavefield is consequently modified. Truncation could
be a good alternative when rough objects are recorded since their information is spread out all
over the recording medium (far field propagation), but a bad one for smooth objects since
their information is spread out only in a portion of the recording medium (near field
propagation). In fact, information is lost in both cases when truncating. In the former case,
truncation eliminates high frequency information, while in the latter case, truncation
additionally eliminates spatial information. The latter effect will be shown later.

Here, we propose a novel method based on the relationship between the discrete-time
Fourier transform (FT) and the DFT to obtain an aliasing operator that can be used to down-
sample the Fresnel transform without lost of information.

N

&)

3.1. Aliasing operator

For the sake of brevity, the following analysis is carried out for the one-dimensional case.
According to the analysis presented in [13], samples of the FT of an aperiodic sequence f{(m)
can be thought of as DFT coefficients of a periodic sequence g(m) obtained through summing
periodic replicas of f(m). These samples are equally spaced in frequency in a range defined by
0<w<2x. This relationship is expressed as:

N,-1
ET{f (M), 1,y 0 = 2 f (m)exp(~icom)
» m=0 0=(27/N, )k
N, -1
= Z g(m)exp(—ﬂ;r];v—m) for 0<k<N, -1 (6)
m=0 s
=DFT{g(m)},
where
gm)=Y f(m+rN,) for 0<m<N, -1 (7)

r=—ow

and N, defines the number of required samples of the FT and, in consequence, the length of
the DFT (also of g(m)). The different replicas of f(m) in Eq. (7) are given by the shift index r.
Thus, aliasing (superposition of shifted replicas of a signal) can be introduced in the input
domain to modify the sampling in the Fourier domain. N; does not need to be equal to the
length of the aperiodic signal f(m), here defined as N;. If N.<N;, there are some shifted replicas
of f(m) that contribute to the summation in Eq. (7). An example of how g(m) is generated
from different replicas of f{rm) is shown in Fig. 1.
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Fig. 1. Generation of g(m) from f(m): (a) example function f(m); (b) g(m) generated from the
addition of shifted replicas of f{m).

Figure 1 shows that since f{m) is finite with length N, just a few of its replicas are required
to obtain g(m). In fact, due to the different contributions of the shifted replicas, all the

elements in f(m) are used to generate g(m). Thus, considering the finite length of f(m), g(m)
can be computed as

|_(,\:I\L':1L%J
glmy= > f(m+rN,). ®)

r=0

where | |is the floor operator. The maximum value of the upper bound of the summation in
Eq. (8) is obtained when the fraction m/N, does not surpass the fractional part of (N;-1)/N.
Hence, the maximum value of the upper bound occurs when

m<(N,-1)=N, {NTAJ =[(N,-I)mod N, ]. 9)

Conversely, when m>[(N;-1) mod Ni], the upper bound takes its minimum value. Thus, the
computation of g(m) can be carried out by

[
f(m+rN,) for 0<m<[(N;-)mod N_]
my=4 "7 . 10
g(m) %1 (10)
> f(m+rN,) for [(N,-)mod N,]<m<N,-1
r=0
Equation (10) can be viewed as a general aliasing operator since N; and N; can take any
integer value that fulfill N<N;. Thus, our proposal consists in using the aliasing operator in
Eq. (10) prior to computing the DFT, which will result in equally-spaced samples of the FT.
In Fig. 2, an example of sampling the FT by using the proposed down-sampling method
and truncation are shown; in this the 1D DFT of the zero padded input sequence and the 1D
DFT directly applied on the input sequence are used as references. It can be observed in Fig. 2
that the values obtained with the proposed down-sampling method correspond to precise
samples of the continuous frequency spectrum of the original input sequence. On the other
hand, when the 1D DFT is computed using a truncated input sequence, the obtained values do
not correspond to samples of the continuous frequency spectrum of the original input
sequence. The aforementioned, since the elimination or modification of elements from the
input sequence changes the output frequency spectrum.
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Fig. 2. Samples of the FT of fim) =[1,2,3,4,4,4,3,2,1] (0<m<8) obtained by using the proposed
down-sampling method with N; =7 (N,<N;), the 1D DFT of a truncated input sequence with N
=7 (N<N; Trunc), the 1D DFT of the original input sequence (N, = N;), and the 1D DFT of a
zero padded input sequence (N,>>N;): (a) magnitude of the frequency spectrum; (b) phase of
the frequency spectrum.

The relationship in Eq. (6) is not fulfilled when the symmetry shift N;/2 is included in the
complex exponential of the FT. For this case, the FT can be computed as

FT{f(m)}= Z f(myexp|[ —ia(m—"4)] = exp(iw%) Z f(myexp(~iom). (11)
m=0

m=0

Thus, the relationship between the FT and the DFT is given by

N;-1
FT{f )Y, 50 =0xP(i0%) D f(m)exp(—icm)

m=0 0=27/N, )k

) N -1 ] km
- exp(m%k) > g(m)exp(—zZﬂF for 0<k<N-1(12)

m=0 s

:exp(iﬁx—:k)DFT{g(m)}.

Comparing Eq. (6) and Eq. (12), it can be noted that an extra complex exponential is
required when the FT is used with a symmetry shift in the input domain. The new input
sequence g(m) should be computed as specified by Eq. (10) from the original input sequence
fim).

The aliasing operator in Eq. (10) can be extended to the 2D case. First, Eq. (10) should be
applied to each column of the input array generating an intermediate array, and then to each
row of the previously obtained array. The elements of the 2D DFT computed with the new
input array would correspond to the required samples of the Fourier transform.

3.2. Using the aliasing operator to down-sample the Fresnel transform

The values of N: and N, obtained with Eq. (5) correspond to the number of equally-spaced
samples of the Fresnel transform in each column and each row, respectively, that have to be
computed to achieve the required sampling rate. Thus, down-sampling is required when
N=<N, and/or N,<N,, where N, is the length of the columns and N, of the rows in the digital
camera. In order to use the aliasing operator, the array on which this should be applied has to
be identified. This array is f(m,n) as expressed in Eq. (2). Thus, the aliasing operator should be
applied over f(m,n) to generate the new array g(m.n) to be transformed by the 2D DFT. Since
f(m,n) has columns of length N, and rows of length N,, the aliasing operator should be applied
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over the columns if N=<N, and over the rows if N,<N, to generate g(m,n). Then, the DFreT
should be implemented as

T(k,1) = p(k,[)xDFT,, {g(m,n)}xexp[iﬂ(kx—;+lx—:)} (13)

where p(k,[) is defined in Eq. (3), and the term exp[iz(kN,/N; + IN,/N,)] is introduced as
indicated by Eq. (12) to correctly recover the phase information since the symmetry shifts
N,/2 and N,/2 are used in the input domain of the DFreT (Eq. (2)).

It should be noted that due to the use of the aliasing operator, our proposal is a non
reversible method (f(m,n) cannot be recovered from I'(k,/)). Thus, in order to obtain recoveries
with different sampling rates, different aliasing operations over f{m,n) should be carried out.

4. Experimental results

We show sampled wavefields obtained from two off-axis digital holograms to validate the
usefulness of our proposal. The reference waves are collimated beams with wavelength 4,
and inclination angle 6 that fulfill the Nyquist criterion. The registered objects are smooth
transmission-slides. A synthetic interference pattern (H1) with N, x N, = 512 x 512 and A, =
A, = 6.4 um is generated using a reference wave with 4,,. = 532 nm and 6 = —0.02078 rad, and
a spoke target as object. A second interference pattern (H2) is recorded on a CCD sensor of N,
x Ny =768 x 1024 and A, = A, = 4.7 pm using a reference wave with 4,,. = 632 nm and 0 =
0.0286 rad, and a USAF test chart as object. For the interference pattern H1, the object was
placed at a distance d = 17 cm, and for H2, it was placed at a distance d = 22.7cm. The
required DFTs are computed with the FFTW [14] that is one of the most efficient algorithms
to compute DFTs of any size. In Fig. 3, the interference patterns H1 and H2 are shown. It can
be observed that since the recorded objects are smooth transmission-slides, the scattered light
from the objects does not spread out all over the recording sensor as stated previously.

512
728

k 512 3
(a) (b)

Fig. 3. Interference patterns: (a) H1 from a synthetic spoke target as object; (b) H2 from a real
USAF test target as object.

In order to recover undistorted real images, conjugate reference waves are used. In Fig. 4,
sampled in-focus real-images computed with the direct method of the DFreT are shown,
where Az = A, = 27.6 um in Fig. 4(a), and A; = 39.75 um and A, = 29.81 um in Fig. 4(b). In
all the following recoveries the complete wavefields are shown together with sub-images of
the region of interest.
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Fig. 4. Sampled in-focus real-images for N: = N, and N, = N,: (a) from H1; (b) from H2.

Figure 5 and Fig. 6 show sampled in-focus real images computed with the direct method
of the DFreT applied to truncated interference patterns and with the proposed down-sampling
method, respectively. In Fig. 5(a) and 5(b), it can be observed that since the registered objects
are smooth transmission-slides, the sampled wavefields computed from truncated interference
patterns are incomplete versions of the required wavefields. As shown in Fig. 6(a) and 6(b),
this problem is not present when utilizing the proposed down-sampling method since an
aliasing operation is used instead of truncation. Even the small phase tilt shown in Fig. 4(b) is
correctly recovered with the proposed method as observed in Fig. 6(b).

Amplitude Phase Amplitude Phase

ke 117 % = .

73 ] 73 ‘ﬁ

Fig. 5. Sampled in-focus real-images using truncated interference patterns for A= A, = 51.13
pum: (a) from truncated H1 with Nz = N, = 276; (b) from truncated H2 with N; = N, = 597.
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Fig. 6. Sampled in-focus real-images using the proposed down-sampling method for A; = A, =
51.13 pm: (a) from H1 with Nz = N, = 276; (b) from H2 with N:= N, =597.

The recoveries in Fig. 6(a) and Fig. 6(b) show some down-sampled wavefields, but with
heuristically chosen sampling rates. The differences between the recoveries in Fig. 4 and Fig.
6 obey the used sampling rate; in fact, it can be observed that there are well defined regions
with the performed down-sampling, while it is also obvious there are others regions that
require a larger sampling rate (for instance to recover the center of the spoke target image and
the small numbers and bars in the USAF test target image). Note that the sampling rate cannot
be larger than that obtained with the direct method (Fig. 4). A step forward from this proposal,
could be the deduction of a criterion to select a suitable sampling rate, maybe based on the
frequency bandwidth of the registered object. Due to the exact relationship expressed in Eq.
(12), it can be affirmed that the proposed method yields precise samples of the propagated
wavefield and no quantification is required to measure its performance.

5. Conclusions

We have proposed a method that requires a single 2D DFT to down-sample the Fresnel
transform. This method consists in applying an aliasing operation in the space domain
previous to compute the 2D DFT. Due to the use of the aliasing operator, the resolution of the
recorded system is conserved resulting in precise samples of the propagated wavefield,
although a non reversible method results. The size of the used 2D DFT is smaller than those
required by the previously reported methods. It was demonstrated that the proposed method
can be used in digital holography even to retrieve images of smooth objects. Hence, this
proposal is an effective, precise and efficient method to down-sample wavefields computed
with the discrete Fresnel transform.
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