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Abstract

The increase of complexity on integrated circuits has ahised the demand for new testing
methodologies capable to detect functional failures withicuits before they reach the markgt.
Hence, this work proposes to explore the use of homotsmytaol for testing a basic analpg
circuit. The homotopy path is influenced by nonlinearitiesnf the equilibrium equation of the
circuit; this situation can be used to infer faults byedeihg changes on the homotopy path. The
concept was explored using numerical simulation of a siteglecircuit; then comparing results
for the circuit with and without faults, obtaining modificats on the homotopy path like: the
final point, number of iterations, and the number of ngrpoints.

Keywords:Homotopy continuation, circuit testing, analog circulits

1 Introduction

The vertiginous increase in the number of transistorsimegrated circuit and increase of
nonlinearities, present in the circuit, due to the deerdasthe physical dimensions of the
transistors, makes the integrated circuit testing aresaienge for engineers and scientists. The
cost of testing an integrated circuit can represent, irageeithe 50% for the total production cost,
or even in some cases (specific circuits) represento uf0% [1,2,3,4]. The development of
strategies for integrated circuits testing; especatiglog circuits or mixed signal, still is an open
problem. These kinds of tests must assure complete daaéity, quality and performance
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criterion, for each functional block, and the correct apen for the complete system, as well.
Analog circuits are characterized by nonlinear charisties, noise, bandwidth, and a wide
variety of performance parameters. All of this becomesomstcaint when developing fault
simulators and reliable testing algorithms.

The homotopy continuation methods have been applied to variamhas of science and
engineering [5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22]. 8) j{2as presented a
verification method of diagnosis for analog piecewise lingeruits based on the homotopy
approach; here, the circuit is tested by homotopy tramsfgy it from the fault-less state into a
fault state. Thus, by monitoring electric variables, ipdssible to detect value changes between
states. Nevertheless, this testing approach requires P¥dkllimg of the circuit and ignores the
entire behaviour of the homotopy path; thus, only cares tatieu nominal operating points
between states.

Homotopy paths tend to be attracted by the traces fobwmebe intersection of equations of the
equilibrium equation [24]. Hence, if faults directly affebetnonlinearities of the equilibrium
equation, therefore, the homotopy path is influenced by naultiess from the equilibrium
equation; this situation can be used to infer faults degpdiehaviour changes on the homotopy
path. Therefore, this work will present a study on how the homagbagly is affected by faults
during DC analysis in parameters like: final point, nundddterations, and the number of turning
points obtained for a basic multi stable [25,26,27] ciricufault-less and fault state.

This paper is organized as follows. In Section 3, we prabenbasic idea of proposed double
bounded homotopy. Section 4 shows some numerical simulatostudy the effects of faults

over homotopy trajectories and discuss the results. Finabljieconclusion is given in Section

5.

2 Basis of Homotopy Continuation Methods

The homotopy continuation methods (HCM) are a continuous tramafimn from one trivial
problem (simple to solve) to the study problem (hardteed. These kind of methods are applied
to such diverse problems like: multi-stable electronic  rcuiis
[16,28,29,30,31,32,33,34,35,36,37,38], Toeplitz systems, nonlimeatrol synthesis [39],
stochastic economies [40], load flow solutions of ill-comdiéd power systems [41],
discretization of ordinary differential equations [42], irse kinematics problems
[20,43,44,45,46,47,48,49], optimization [50,51], among manyrethe

First, we define our problem to solve, the nonlinear algelagilation
f(x) =0, f:eR* >R, (2.1)
wherex denotes the variables of the problem arid the total number of those variables.

Then, in order to solve (2.1), we propose the following homotopyap
[19,21,22,28,29,31,32,46,50,51,52,53,54,55,56,57,58,59,60,61] as

H(f(x),1) =0, H:€ R™1 — R, (2.2)
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whereA is the homotopy parameter.
Equation (2.2) represents any homotopy formulation that fafdsollowing conditions:

e ForA =0, solution forH~1(0) is known or easily found using numerical methods.

e Fori=1,H(f(x),1) = f(x). It means that at = 1 the solution, or solutions, fffx)
can be found.

e The path forrf~*(0) is a continuous function afwith 0 < 1 < 1.

The homotopy path is the solution set fbr*(0), which represents a continuous curve that can be
traced by numerical continuation techniques or path  follgwinmethods
[5,16,21,33,47,48,62,63,64].

A possible homotopy map is

H(f(x), ) = 2Af(x) + (1 = Dg(x) = 0, (2.3)

whereg(x) is a problem simple to solve.
If A =0, the homotopy path is reduced to the trivial problem

H(x,0) = g(x) = 0. (2.4)
WhenA = 1, the sought solution is achieved
H(x,1) = f(x) = 0. (2.5)

This process is a continuous deformation frbe 0 to A = 1, transforming the trivial problem
g(x) = 0 into the original problenfi(x) = 0.

The success of finding the sought solution depends on séxets:

e Find the methodology to establish the right NAEs which best desthe physical
behaviour of the problem under study. The proper formulatidghasfe NAEs can help to
guarantee, or increase the probability, of succedsedidmotopy simulation [cite].

e The behaviour of different homotopy maps change for spamificlems.

e Constructing an adequate numerical continuation algorithrm Ewbe homotopy path
and NAEs are properly established with the guarantee of Igtolb@ergence [31,65], a
poorly chosen numerical continuation scheme can leadaitueef [5,16,21,33,62,64].

Homotopy is capable to find multiple solutions; nevertheldggsability to find all or even one of
the solutions depends on the kind of homotopy, the seleotgtheation technique [16,33], and
on the type of nonlinear circuit. To be able to find multiptdutions, all the steps for the
numerical continuation method [5,16,33] must be applied untilrtioe atA = 1 is located.
Nonetheless, the tracing technique continues its routealoesl > 1 up to a turning point and
then returns back tb= 1 finding the next solution (when another solution exist). g E a
homotopy path is shown; here, the path locates solutwnrs, x5, x;, andx,. However, after
crossing the roat; the path continues indefinitely as apparently there amaore solutions that
produce more crossingsAat 1.
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3 Proposed DBPH Method for Analog Circuit Testing

In [28,29] was introduced the idea to create a double boundedtbpym@ way to cope with the
stop criterion is by bending the open solution path to convertata closed path as depicted in
Fig. 2. This is achieved by setting four solution lines in tenha fixed separatiod as shown in
Fig. 2. Further properties of this scheme are given asasll

At A; = d/2 the symmetry axis is defined (starting poijt

For 4;the solution for7~1(0)is known or computationally simple to obtain. This point is
known as the initial point for the homotof¥;, x;).

At 1 = 0, the homotopy formulation becomes

H(f(x),0) = f(x) = 0.

This means that &t = 0 all solutionsforf (x) arelocated.

Similarly, atA = d, thehomotopy fulfils

H(f(x),d)= f(x) =0,

which means that @t = d all solutionsforf (x) arelocated.

The expressions above define two symmetric branches; thHerdefith fol0 < 1 < A,
and the right branch fo; < 1 < d.

When a given branch reaches again the val{énal pointB), the homotopy procedure
stops, achieving a simple stop criterion. In FAgthe path starts at poidtand stops at
pointB.

The path for the inverse functiein®(0) is a continuous function fainthe range of

0<21<d.

A=0 =1

Fig. 1. Stop criterion problem
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Not only the properties shown above yield a simple and relistiole criterion, but they also
establish two solution lines that, infact, limit theirsg of the homotopy parameter variation. Fig.
2 shows how the homotopy path startslat (d/2,x;) on the symmetry axis, finds two roots(in
solutionlined = d) and finishes when a new crossing through the symmetsy &8 =
(d/2,xf) is detected; it means that tracing the symmetrical bréwas been completed and the
stop criterionhasbeen fulfilled.

= hidi2 i= i=2d
! i ! ‘

___Symunetry axis_____

" SolutionTine T~
Solution line 2
Solution line 3
Solution line 4

@ Solutions

Fig. 2. Double bounded homotopy with four solution lines

The DBPH homotopy metho@9] is a kind of double bounded homotopy, which is proposed to
infer the existence of faults

2
f)=@A+ DA — d)A— 2d)(x — x)(x — x7) — c(l—g) f(x)? (3.1)

WhereA is the homotopy parametg(x) is the equilibrium equation for the circdiis a constant
that represents separation between solution lines d, 1 =0,1 = d, andd = 2d)[29],x;
represents theinitialpoint, represents the final point of the patmat d/2 (symmetryaxis),
andc is another constant.

This method is characterized by creating an arbitravgez! path around the symmetry axis; this
situation allows for an arbitrary set of starting poimtsthe path.

A fault or fabrication defect can be ideally modelled las tinexpected existence of spurious
resistors between nodes in the circuit. It may happean &ample, the appearance of a spurious
resistor between thieth node and ground. This will affect, directly, the edpilim equation, in
particular the nodal equatifin As smooth as this change may appear, it could uncheenes of
changesin the shape of the homotopy path. This wagypidbssible to correlate an alteration in the
homotopy path with the presence of faults.

In this work we use the Euler-predictor and Newton-correstbheme described in [16], which is
based on other reports from [5,64], to obtain the numeriicailations.
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4 Numerical Simulation and Discussion

The benchmark circuit with bipolar transistors in F&gwas reported and solved using HCM
methods 29,30]. The Ebers-Moll31] model isused for all the transistors; and the equatiothie
model is given as

[iE] _ [ 1 _0.01] 107°(e“0vbe) — 1)
lc -0.99 1 10_9(9(40vbc) — 1) ’

wherei; represents the emitter currefitrepresents the collector curreny, is the voltage drop
betweenbase and emitter, ang is the voltage drop between base and collector.

Fig. 3. Circuit under test (containsthree operating points). Ry = 11kQ modelsa possible
fault between node vg and ground

Table 1. Initial point (x4and xg) and final points (xf, and xf, ) for the paths. b) Solutions
for the circuit with (S,r) and without fault (S,)

@)
X Vi Dy V3 V4 Vs Vg V; Vg Vg Vi Vi3 Iy, T.P. lter.
Xy ot - + - - - - - - + - +
Xp, T + + + + + + + + + + - 5 15522
xp,, + + + - + + + + + + - 5 1275
xp - - + - - - - - - + - +
Xy Tt - + - - - + - + + - - 11 2853:
Xpp Tt + + + - + - - - + - - 15 26726
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(b)

R.P. 2 2 V3 Vy Vs Vg vy
S; 12 0.405 0.366 0.685 0.349 6.796 0.070
Sik 12 0.4023° 0.3608! 0.6808( 0.3473t 6.4088:  0.0688¢
S, 12 0.883 0.278 0.590 0.631 0.812 0.315
SoF 12 0.86554 0.27808 0.59147 0.62122 0.81387 0.30548
S3 12 5.99¢ 0.08t 0.36¢ 0.71% 0.43¢ 0.39(
NYS 12 6.0673(  0.0821! 0.3650¢ 0.7072: 0.4306°  0.3856-

R.P. Vg Vo V10 V11 V12 V13 Ig
Sy 7.038 11.839 0.4E-5 0.039 0.039 0.321 -0.0085
SiF 3.14292 11.7142 0.3E-5 0.03884 0.03874 0.32149 -0.00874
S, 1.07¢ 11.64° 0.4E-5 0.03¢ 0.03¢ 0.321 -0.010(
SoF 1.06759 11.6472 0.3E-5 0.03884 0.03874 0.32149 -0.01009
S3 0.699 11.635 0.4E-5 0.039 0.039 0.321 -0.0089
NYS 0.68858 11.6350 0.3E-5 0.03884 0.03874 0.32149 -0.00889

As for the diode, the model is given by

iq = 107(e** — 1),

where u is the voltage drop between diode terminals aisdheé current through the diode.

First,

the equilibrium equation for the fault-free citcig formulated using the modified nodal

analysis [32, the result is a system having 14 equations and 14 vesiabl

f1)
f2)
f3)
fa)
f5)
fe)

f7)

fe)
fo)

fio)
fi1)
fi2)

(1.85E - 3)v, — (2.5E—4)v, — (2.5E— 4)vg — (1E - 3)vy — (2.5E — 4)v;, —
(1E—4)vy5 + iy = 0,

—(2.5E — 4)v, + (3.75E — 4)v, — (1.25E — 4)vs + (9.9E — 9)exp(40v, —
40v3) + (1IE— 10) — (1E — 8)exp(40v, — 40v,) = 0,

(1E - 2)v; — (1E — 8)exp(40v, — 40v3) + (9.9E - 9) + (1E — 10)exp(40v, —
40v,) =0,

(1.25E — 4)v, — (1.25)vs + (1E — 10)exp(40v, — 40v;) — (1E —8) +

(9.9E — 9)exp(40v, — 40v,) = 0,

—(1.25E - 4)v, + (1.25E — 4)vs + (1E — 10)exp(40vs — 40v,) — (1IE—8) +
(9E — 9)exp(40vs — 40v,) = 0,

—(2.5E — 4)v, — (1.25E — 4)v, + (3.75E — 4)v, + (9.9E — 9)exp(40vs —
40v,) + (1.01E — 8) — (1E — 8)exp(40vs — 40v,) — (1E — 8)exp(40vg — (4.1)
40vg) = 0,

(1E — 2)v, — (1E — 8)exp(40vs — 40v,) + (9.9E — 9) + (1E — 10)exp(40vs —
40v6) = 0,

(30E3) 1wy — (30E3) 1w, + (1E — 8)exp(40vg — 40v,) — (1E — 8) = 0,
—(1E = 3)v; — (30E3) 1wy + (31)(30E3) 1wy + (9.9E — 9)exp(40v,, —
40v,4) + (1E — 10) — (1E — 8)exp(40v,, — 40v,) = 0,

(1E — 2)v,9 — (1E — 8)exp(40v,, — 40v,,) + (9.9E — 9) +

(1E — 10)exp(40v,, — 40v,) = 0,

(1E— 4)vy; — (1E — 4)v,, + (1E — 10)exp(40v,, — 40v,,) — (1E — 8) +
(9.9E — 9)exp(40v,; — 40v,) = 0,

—(2.5E — 4)v, — (1E — 4)vy, + (3.5E — 4)vy, + (9.9E — 9)exp(40v,5) +

232



British Journal of Mathematics & Computer Scien€®)3226-240, 2013

(1E - 10) — (1E — 8)exp(40v;3 — 40vy,) = 0,

fiz) —(1E—4)v; + (1.1E - 3)v 3 + (1E — 10)exp(40v,5) — (1IE—8) +
(9.9E — 9)exp(40v,5 — 40vy,) = 0,

fia) vi—12=0.

Fig. 3 shows a hypothetical resist@®, = 11kQ) representing a fault between node 8 and
ground; acting as a currentleak to the ground. The existeribe &fult implies that, for the circuit
in a fault state, this term willbe added

1
o,
Ry

to nodal equatioffy within equilibrium equation (4.1).

Initial point for DBPH homotopy is chosen at +13V, fordab values, and +13A for the
current, . of voltage sourcel.. Initial pointsx, andx; are shown in Table 1(a), just marking
the corresponding sign (plus sign means +13, while minusrs&ans -13; the units would be
Volts or Amperes depending whether is voltage or currespectively).

Now, DBPH homotopy is applied to solve the circuite toroposed homotopy formulation is
expressed as follows

H) 4+ D40 - D@, = 2)(v —13)(v; +13) + (4, = 0.5)%f2 = 0,
Hy) L +DAG - —2)(w, —13)(v, +13) + (4, — 0.5)2 z2 =0,
: 4.2)
Hi3) (A + DA — 1Dy — 2)(vy3 —13)(vy3 +13) + (4, — 0-5)2f123 =0,
Hy,) 4 +DA4 0 - DA —2)Up —13)U +13) + (4 — 0-5)2f124 =0,

where, by simplification, parametedsandC are both set to 1.
After numerical simulation there are some aspectseofdhults to be noticed:

1. Two sets of simulationsd(andB) were performed, using two different initial points, @nd
xg) for the circuits with and without fault (Table 1(a)dakigs. 4 and 5). For both cases,
differences on the final point of the path were detected.ifstance, between final points
x¢, ,(non-fault circuit) and, , (fault circuit) there is a difference on the final jofor nodal
voltagevs. Also, for final pointst;  (non-fault circuit) and, (fault circuit) a noticeable
differenceis detected because sign changes for the final woldagesv,, v,, ve, v,, andvs.
Therefore, a fault can modify the final point of the hoopgt path; this situation can be used
as criteria to detect faults.

2. For all cases (circuits with and without fault) thogeerating points were located (Table 1(b)).
Therefore, the number of located roots may not necésbaruised as an indicator or criterion
of the existence of faults. Nevertheless, between solufi@miS, -a noticeablechange on
nodal voltageyg is perceived because the fault is located, precisely gleetvy and ground.

3. The shape of the homotopy path for the circuit without f@iy. 4(a), (b) and Fig. 5(a), (b)),
differs with respect to the homotopy path for a faultwitr¢Fig. 4(c), (d) and Fig. 5(c), (d)).
The change with respect to the homotopy may be quantifiesidnytoring the number of
iteration steps for the numerical continuation methd8,32] and the number of turning
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points as a reference or indicator for fault detectiorable 1(a) can be seen that the number
of iterations and the number of turning points vary for the hopyosimulation between the
circuits with and without fault. This situation confirmsetexistence of differences in the
nonlinearities of the equilibrium equation for circuits wathd without fault; differences that
produce, in the end, changes on the homotopy paths.

3=0.5 h=1
10 s |
1 1
i i
i
59
!
v, !
oF 2
05 06 07 08 09 |
-5 :
i
i
19/ ! :
- 1 T T i
Y4 | 0.999996 0.999998 1.000000
(@) (b) Zoom to path (a)
10 81
51 6
O I T T T T ¥ 4
v, o)s 06 07 08 09 |*
i i
aE i 2-
i i
10| i ,
X, : 0.999996 0.999998  1.000000
(@) (d) Zoom to path (c)

Fig. 4. Homotopy paths 4 — v, for initial point at x4: (a), (b) the fault-free circuit and (c), (d)
fault circuit
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2=0.5 =1
10 , ,
51
v, :
0 ! \ \ \ ‘ A
05 06 07 08 09 |
sl
|
-101 ! :
i 0.999996 0.999998 1.000000

(b) Zoom to path (a)

Ar=1

10 8 !

3 61 S
v, i

07 y, 41

-5 2] !

® S

-10] : ‘ ? S

0.999996  0.999998  1.000000

(d) Zoom to path (c)

Fig. 5. Homotopy paths 4 — v, for initial point at xg: (a), (b) the fault-free circuit and (c), (d)
fault circuit

This work exhibited that aspects like final point for the btwpy path; number of turning points,
and number of iterations can reflect the existencerofitifaults. Also, the present study can be
extended to use other homotopies like Newton homotopy {38 point [30], among others, in
order to determine which homotopy is the most sensitiveults. In addition, future research may
extend the application of the proposed study to practical swgatircuits and, in particular, fault
models [66,67].

5 Conclusion

This work deals with the application of homotopy to #&malog circuit testing area, proposing the
feasibility to detect the presence of faults using itbenotopy path analysis, involving turning

points, number of iterations, and final point of the p&é&sults indicate that the aforementioned
aspects undergo notorious changes comparing circuit ailong with and without fault.
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Therefore, it is important to continue the research irrotd implement a systematic criterion to
locate faults.
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